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TORIC SHEAVES ON WEIGHTED PROJECTIVE PLANES 

(N ■ AMIN GHOLAMPOUR, YUNFENG JIANG AND MARTIJN KOOL 
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I Abstract. We give an explicit description of toric sheaves on the weighted 

projective plane P(a, 6, c) viewed as a toric Deligne-Mumford stack. The 
OO I stack P(a, 6, c) has an action of the torus T = C*^ and by a toric sheaf we 

mean a coherent sheaf together with a lift of the torus action. The integers 
(a, 6, c) are not necessarily chosen coprime or mutually coprime allowing for 
. gerbe and root stack structures. 

This is a first step in an attempt to give an explicit description of toric 
sheaves on any smooth toric Deligne-Mumford stack. Specializing the de- 
1-^^ ■ scription to torsion free sheaves gives a combinatorial picture with various 

. new features, which do not appear in the case of smooth toric varieties. 

As an application, we describe the fixed point locus of the moduli scheme 
of stable rank 1 and 2 torsion free sheaves on P(a, 6, c) with fixed iiT-group 
class. Summing over all if-group classes, we obtain formulae for generating 
. functions of the topological Euler characteristics of these moduli schemes. 

(N 
(N 

cn 

1. Introduction 

^ ■ A toric sheaf on a smooth toric variety A is a coherent sheaf together with a 

hft of the action of the torus T on A. More precisely, a toric sheaf consists of 
data (J-", $) where J-" is a coherent sheaf on A and $ is a T-equivariant structure 
on T . Toric sheaves on smooth toric varieties have been well-studied, e.g. |Klyl[ 
IPerlj among others. The idea is to cover A by affine open T-invariant subsets 
5^ ■ — C*^, corresponding to the cones o of maximal dimension in the fan S of 

A and restrict (J-", $) to each of these open subsets. Over these open subsets, 
the toric sheaf is given by a module with an A(T)-grading, where A(T) is the 
character group of T. This local data becomes particularly explicit in the case 
T is in addition locally free, reflexive, torsion free or just pure. Supplementing 
this local data with gluing conditions gives an explicit combinatorial description 
of (J-", $) in terms of the fan S of A. This can be used to compute Chern classes 
of (J-", $) and describe moduli of toric sheaves |Kly2[ IPer2t |Pay[ IKoolj . This 
in turn can be used to compute the Euler characteristic of the whole moduli 
space of stable sheaves on A using localization |Kly2[ IKoo2j . 
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Our goal is to generalize the above to toric Deligne-Mumford stack^ X in- 
troduced by |BCSj . Such stacks are described by a stacky fan S |BCSl [FMNj . 
Again, one can consider the cones a of maximal dimension in S, which gives 
a cover by open T- invariant substacks ilg- = [C'^/iV((j)] |BCSl Prop. 4.1]. Here 
A^(cr) is a finite abelian group acting on C^. We can then restrict a toric sheaf 
(J-", $) on X to each of these open substacks. Viewing these open substacks as 
groupoids, we get similar data as before, but with two new phenomena: 

i) The action of the torus T on can be non-primitive: on a smooth toric 
variety, one can always choose coordinates on such that the action 
becomes (Ai, . . . , A^) ■ (xi, . . . , Xd) = (AiXi, . . . , A^x^), but in the current 
situation higher powers of Aj can occur. 

ii) The sheaf J^|u^ is described by a module carrying a grading by ^(T) and 
each weight space carries a further fine grading by the character group 
X{N{(t)) oiN{(T). 

This local data becomes particularly explicit when J-" is in addition locally free, 
reflexive, torsion free etc. 

In order to recover (J-", $), one has to impose gluing conditions on the local 
data. Rather than trying to work this out for a general toric DM stack, we 
consider the specific example of the stacky weighted projective plane P : = 
P(a, b, c) for any positive integers a, b, c. In the case of smooth toric varieties, 
the gluing proceeds by intersecting any two open affine invariant subsets Ua, 
Ur and matching the local data. This involves pulling back the local data along 
open immersions. This times, we have to "intersect" any two open substacks 
il^ = [C^/Nia)], iir = [C'^/iV(r)] and pull-back the local data to the stack 
theoretic intersection. At the level of groupoids, this turns out to correspond 
to pulling back the local data along certain etale morphisms. Working this 
out for P, we get an explicit description of toric sheaves on stacky weighted 
projective planes. This can be used to study toric vector bundles and toric 
torsion free sheaves on P and describe their moduli. 

As an application, we first describe the equivariant Picard group Pic^(P). 
Next, we consider the moduli spaces of stable rank 1 and 2 torsion free sheaves 
on P. These moduli spaced, which are in fact schemes, have been introduced 
by |Nirj for any rank and any (not necessarily toric) projective DM stack P. 
We briefly recall the relevant parts of Nironi's construction at the beginning of 



^Wc only consider the case in which the stack X is smooth as in |BCS| . 

^As opposed to Nironi, we consider /i-stabiUty instead of Gieseker stabihty and we fix the 
if-class of the sheaf instead of the modified Hilbert polynomial Here n is the linear term of 
the modified Hilbert polynomial divided by its quadratic term. This means /i depends on a 
choice of polarization and generating sheaf. 
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Section 7. The action of the torus T on P hfts to the moduh space and we use 
the exphcit description of toric sheaves on P to compute the fixed point locus 
and its topological Euler characteristic. The rank 1 case leads to counting of 
colored partitions (e.g. as in |DSj ). In the rank 2 case, we get interesting new 
generating functions. Nironi's moduli spaces a priori depend on a choice of 
polarization and generating sheaf. On P, the dependence on the polarization 
is trivial. However, the generating sheaf does play an important role. 

Convention. Throughout this paper we fix P := P(a, b, c) with a, b, c arbitrary 
positive integers. 

Acknowledgments. We thank Paul Johnson and Benjamin Young for use- 
ful discussions on counting of colored partitions. We also thank Richard 
Thomas for helpful discussions. The third author is supported by EPSRC 
grant EP/G06170X/1, "Applied derived categories". 



2. G-EQUIVARIANT SHEAVES ON DM STACKS WITH G-ACTION 

Let X be a DM stackH. A (quasi-) coherent sheaf J-" on X is given by specifying 
a (quasi-) coherent sheaf J^u over each atlas f/ — X together with compatibility 
isomorphisms between the J-'u |Vist Def. 7.18]. We are interested in the case 
X carries the action of an affine algebraic group G and J-" has a G-equivariant 
structure. Note that the affine algebraic group G is taken to be a variety so is 
non-stacky. 

Definition 2.1. |Romt Def. 1.3, 4.3] Let X be a DM stack and G an affine 
algebraic group with multiplication fi : G x G ^ G, inverse map l : G ^ G 
and identity e : Spec C — t- G. A G-action on X is a morphism cr : G x X — t- X 
together with 2-isomorphisms a and a 

G X G X X ^^"^> G X X Spec C x X ''^"^> G x X 




where the 2-isomorphisms a, a satisfy some natural compatibility conditions 
(see jEH Def. 1.3]). 

Next, let be a quasi-coherent sheaf on X. Denote by P2 • ^ ^ ^ ~^ 
and P23 :GxGxX— j-GxX projection on the second and last two factors. 



our stacks and schemes are defined over C. DM stacks are defined over the etale site. 
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A G-equivariant structure on J-" is an isomorphism $ : (t*J^ — t- p'^J-' satisfying 
the cocycle identity 

p;3$ o (idc X a)*^ = (/i X idx)*$. 

When $ is a G-equivariant structure on J-", we refer to the pair (J-", $) as a G- 
equivariant sheaf. A G-equivariant morphism between G-equivariant sheaves 
(J", $), \[^) is a morphism 9 : 7 ^ Q satisfying p^O o $ = o cr*6'. 

We leave various straight-forward notions such as "G-equivariant morphisms 
between DM stacks with G-action", "G-invariant open substacks" and "pull- 
back of G-equivariant sheaves along G-equivariant morphisms" to the reader. 

Suppose {ilj} is a cover by G-invariant open substacks of a DM stack X with 
G-action. We want to think of G-equivariant quasi-coherent sheaves on X as 
G-equivariant quasi- coherent sheaves on the iXj together with gluing conditions. 
The idea is that in applications, G-equivariant quasi-coherent sheaves on the 
itj could be much easier to describe, e.g. when the ilj are quotient stacks. We 
use the notation |i, \ijk for restriction Ih..^^, where % := x^ilj 

and itjjfc := ilj x^ilj x^^ilfc. Using the definition of a quasi-coherent sheaf on 
a DM stack jViil Def. 7.18] and jHarl Exc. II.1.22] on atlases, gives: 

Proposition 2.2. Let X he a DM stack with G-action and let {il;} he a cover 
hy G-invariant open suhstacks. Let be a collection of G-equivariant 

quasi- coherent sheaves on the ilj and assume there are G-equivariant isomor- 
phisms (pij : J^j|jj — )■ J^jlij satisfying (pa = id and the cocycle identity (piklijk = 
4>jk\ijk ° 4>ij\ijk- Then there exists a unique G-equivariant quasi- coherent sheaf 
(J-", $) on X together with G-equivariant isomorphisms (pi : J-'|j — J-j satisfying 
(pjlij = (pij o (pi\ij- 

Let H be an affine algebraic group acting on a scheme X and assume the 
stabilizers of the C-points are reduced and finite. Then X = [X/H] is a DM 
stack |Vist Ex. 7.17] and we refer to such stacks as quotient DM stacks. For 
later use, it is more convenient to work with the natural groupoid presentation 
of a quotient stack [X/H] 

P2 

HxX =^ X, 

where p2 (the source map of the groupoid) is projection to the first factor and 
T (the target map of the groupoid) is the given action of if on X |Vist Sect. 7]. 
We suppress notation of the other three (obvious) structure morphisms. 

Proposition 2.3. |Vist Ex. 7.21] The category of quasi- coherent sheaves on a 
quotient DM stack [X/H] is equivalent to the category of H-equivariant quasi- 
coherent sheaves on X . 
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We want to generalise this to the G-equivariant setting. We start with the 
following lemma. 

Lemma 2.4. Let X = [X/H] be a quotient DM stacks. Any G-action on X 
commuting with H induces a canonical G-action on X. 

Proof. Let a : G x X ^ X he the G-action on X. The stack G x X admits a 
groupoid presentation 

Ida XP2 

GxHxX G X X, 

id(3 XT 

which is induced from the natural groupoid presentation of X. The other 
structure maps are the obvious maps. Let cxi := p2 x (o" °Pi3) : G x H x X ^ 
H X X and (Tq := a. The commutativity of the actions of H and G on X 
implies that (ai, ctq) is a morphism of groupoids 

idGXp2 

Gx H xX^^Gx X 

idgXr 



P2 



H xX i X, 

which gives rise to the morphism between the associated stacks. It is straight- 
forward to check that this morphism indeed defines a G-action on X as in 
Definition 12.11 with a and a both taken to be the identity. □ 

Given a scheme X with commuting G- and if-actions and a quasi-coherent 
sheaf J-" on X, we can consider commuting G- and if-equivariant structures $ 
and \Ef on J-'. Denoting the actions hYa:GxX^X,T: HxX^X and 
projections by pi3 : G x H x X G x X and P23 : G x H x X ^ H x X , this 
means 

(1) |>*3$ o {idn X a)*^ = p;.^^ o (idc X r)*$. 

Triples (J-", $, \E') with $ and \E' commuting can be made into a category by 
considering morphisms which intertwine both the G- and if-equivariant struc- 
ture. 

Proposition 2.5. Let X = [X/H] be a quotient DM stack with G-action 
coming from a G-action on X commuting with H . Then the category of G- 
equivariant quasi- coherent sheaves on X is equivalent to the category of quasi- 
coherent sheaves on X with commuting G- and H-equivariant structures. 
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Proof. The proof is a straightforward apphcation of the equivalence of cate- 
gories in Proposition 12.31 We denote the G-action on X by a and the if-action 
on X by r and use pt, pij for the various projections as before. 

Let cr,p : G X X — )■ j£ be the G-action and projection. These two morphisms 
of stacks are obtained from the corresponding morphisms (ai, ctq) = {p2 x (cr o 
Pi3),(t) and (pi,Po) = (P235P2) of the groupoid presentations 



Gx H xX^^Gx X 

t' 



CTl 



Pi (JO 

s 



PO 



H xX i X, 



where s = p2, t = t, s' = idc x p2 and t' = idc x r. By Proposition 12. 3[ 
giving a G-equivariant quasi-coherent sheaf J-" on X is equivalent to giving a 
quasi-coherent sheaf J-x on X together with four isomorphisms 

^ : t*Tx s*Tx, A : t'*a*Tx ^ s'*a;Tx, 

B ■ t'*plTx s'*pITx, $ : (r*Tx ^ P^J^x, 

such that: 

i) \& satisfies the cocycle identity, 

ii) A = 0-*^, B = p*^, 

iii) s'*(l>oA = Bot'*<^, 

iv) $ satisfies the cocycle identity. 

The isomorphism \1/ (with cocycle condition) defines an if-equivariant structure 
on J^x- The isomorphisms A, B together with condition ii) and the sheaves 
(JqJ-'x and PqJ^x correspond to the quasi-coherent sheaves a* J-' and p*J-' on 
the stack G x X. The isomorphism $ with condition iii) corresponds to an 
isomorphism cr* = p*J^ on the stack G x X. It satisfies the cocycle identity if 
and only if iv) holds. This defines a G-equivariant structure on Tx- This fin- 
ishes the proof by noting that the condition iii) above is equivalent to Equation 

m- □ 

Consider the setting in the previous proposition. If in addition X = Spec A 
is affine, G and H are diagonalizable, then we get a further equivalence with 
the category of A-modules with X{G) x X(if)-grading as follows. The global 
section functor H^{X, ■) gives an equivalence between the category of quasi- 
coherent sheaves on X and the category A-modules. If a quasi-coherent sheaf 
J-" has in addition a G- and if-equivariant structure, then this can be used to 
define a linear G and if- action on H^{X, J-") as follows. Let ig : Spec C ^ G be 
inclusion of an element g into G and set $g := Then for any s G H^{X, J-"), 
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we define g ■ s := <^>g~i{{g~^ys) e H%X,J^), where {g-^Ys e H%X, {g~yj^) 
is the canonical lift (and similarly for H). Note that $ and \1/ commute, so 
the G- and if-action on H^{X,J^) commute. Since G is diagonalizable, the 
module H^{X,F) decomposes into G-eigenspaces 

h\x,:f)= h\x,:f)^. 

Each H'^{X,J^)m has an induced iJ-action. Since H is diagonalizable, we get 
a further decomposition into eigenspaces 

H'{X,T)= i/°(X,^),,,.. 

For H trivial, Kaneyama |Kan] proves H^{X, ■) gives an equivalence between 
the category of G-equivariant quasi-coherent sheaves on X and the category 
of X(G)-graded A-modules (see also [PerSj Prop. 2.31]). It is not hard to 
show that in our current setting, H^{X, ■) gives an equivalence between the 
category of quasi-coherent sheaves on X with commuting G- and if-equivariant 
structures and the category of X{G) x X(if)-graded A- modules. We find it 
convenient in our applications to refer to the X(if)-grading as the fine grading. 
Summarizing: 

Corollary 2.6. Let X = [(Spec A)/H] be a quotient DM stack with G-action 
coming from a G-action on Spec A commuting with H. Assume G and H 
are diagonalizable. Then the category of quasi- coherent sheaves on X with 
commuting G- and H-equivariant structures is equivalent to the category of 
A-modules with an X{G)-grading and X{H)-fine grading. 

The idea of this corollary is that in applications, moduli of finitely gener- 
ated A-modules with X(G)-grading and X{H)-fine grading can be explicitly 
described. 

3. TORIC SHEAVES ON AFFINE TORIC DM STACKS 

Let C'' be affine space with linear T = C*'^-action. Let H he a. finite abelian 
group. Suppose also has an if-action and the T and H actions commute. 
In this section, we describe toric sheaves, i.e. T-equivariant coherent sheaves, 
on quotient DM stacks X = [C^/H]. This boils down to applying Corollary 
12.61 and repackaging the grading data somewhat. We also discuss what torsion 
free and reflexive sheaves look like in this picture. 

Throughout this paper, we make the following notational conventions. Let 
D be any diagonalizable group. Then D = C*"' x /x^^ x ■ ■ ■ x /x^^, where /x^, is 
the group of a^-th roots of unity and the a^'s are prime powers. The numbers 
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d, tti are unique with this property. The group operation of the latter group 
(and its factors) is written multiphcatively and its elements are denoted by 
A = (Ai, . . . , Ad, /ii, . . . , fig). We denote the character group of D by X{D). 
There is an isomorphism 

X{D) = Z'^®Za,®---®Za,. 

The group operation of the group on the RHS (and its factors) is written 
additively and its elements are denoted by m = (£i, . . . , /i, . . . , Z^)- The 
isomorphism maps m = {£i, . . . . . . ,ls) to the character 

;^(^) : ^ C*, (Ai, . . . , Ad, /ii, . . . , /i,) A^ ■ ■ ■ X'/fi[' ■ ■ ■ 

We often switch between additive notation m, m', . . ., + and multiplicative no- 
tation x(m),x(m'), . . ., ■ for X{D). With this notation x(m)x(m') = xi^^^ + 
m'). 

3.1. Non-degenerate torus actions. We start with some elementary re- 
marks on the action of T on C"'. 

Definition 3.1. Let T act linearljj^ on C^. Then there exist coordinates 
Xi, . . . ,Xd and characters x(mi), . . . , xi^d) such that X ■ Xi = x(mj)(A)xj for 
alii = 1, . . . ,d and A G T. If the mj's are dependent, then the action is said to 
be degenerate. If the action is non-degenerate and the rrii generate the lattice 
X{T), then the action is said to be primitive. These notions do not depend on 
the choice of coordinates. 

In the case of smooth toric varieties, the opens in the cover {11^} correspond- 
ing to the cones a of maximal dimension have primitive linear torus actions. In 
the case of smooth toric stacks, the opens in the cover {[C"'/A^((t)]} correspond- 
ing to cones a of maximal dimension can have a torus action induced from a 
non-primitive linear torus action on C^. We are interested in non-degenerate 
linear torus actions. 

Definition 3.2. Let T act linearly and non-degenerately on C"'. Suppose the 
action is written as A ■ = x(mj)(A)a:j. Note that this choice of coordinates is 
uniqu^ up to scaling and reordering the Xi. The box associated to the action 
is the subset Bt C ^(T) of all elements of the form ^ X{T) with 

< qi, . . . ,qd < 1 rational. Note that Bt = if and only if the T-action is 
primitive. We often denote an element J2i ^i'^'^i ^ -^t by (gi, . . . , qd) G Q"^. 

^It is conjectured that any T-action on is linear after a suitable change of coordinates 
(linearization conjecture) . This has been proved for d < 3 [Gutl IKRll IKR2| . 

^In the case of toric varieties, such a choice does not have to be made since T C and 
the action of T on restricts to the canonical action T x T ^ T. 
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For with non-degenerate linear T-action, the weight spaces H^{C^, 0£d)m 
are or 1-dimensionaL The collection of m G -^(T) for which H^{C^, Oc'*)™ 7^ 
forms a semigroup S. Writing the action as A ■ = xl'^j)!-^)^*' ^^is is also 
the cone spanned by mi, ... , G ^(T). The category of T-equivariant quasi- 
coherent sheaves on is equivalent to the category of X(T)-graded modules 
(Corollary I2.6p . We repackage this data neatly in the same way Perling does 
in the case of toric varieties |Perlj . 

Suppose the action is written as A ■ Xj = x(mj)(A)xj. Given a T-equivariant 
quasi- coherent sheaf J-" on C^, let i/°(C'', J-") = ©mex{T) -^("^) "^o^" 
responding X(T)-graded module. This gives us a collection of vector spaces 
{F(m)}mgx(T)- Multiphcation by Xj gives linear maps 

Xj(m) : F{m) — y F{m + rrii), 

for all m G ^(T). These maps satisfy 

(2) Xjim + TTii) o Xiim) = Xiijn + rrij) o Xjijn), 

for any m G ^(T) and j = 1, . . . , (i. Abstractly, we refer to a collection of 
vector spaces {F(m)}mex(T) and linear maps {Xiij^)} m&x{T),i=i,...,d satisfying 
^ as an S -family F: 

Definition 3.3. Let X(T) be the character group of an algebraic torus T of di- 
mension d. Suppose we are given Z- independent elements mi, . . . , G ^(T). 
An S-family F consists of the following data: a collection of vector spaces 
{F{m)}mex{T) and linear maps {Xi("^)}mex(T),i=i,...,<i satisfying (The let- 
ter S stands for the semigroup given by the cone generated by mi, ... , m^ G 
X{T).) A morphism of S-families F, G is a. family of linear maps {0(m) : 
F(m) — !■ G{m)}meX{T) commuting with the Xj(m)'s. 

The S'-family F associated to a T-equivariant quasi-coherent sheaf J-" con- 
tains all the data of the graded module H^{J^). It is easy to see that the 
category of T-equivariant quasi- coherent sheaves on is equivalent to the 
category of S'-families. The following is also obvious. 

Proposition 3.4. Let T act non- degenerately on C"'. Then each T-equivariant 
quasi- coherent sheaf on with corresponding S-family F decomposes equiv- 
ariantly according to the box elements 

Proof. It suffices to show the statement for S'-families. Take an element b G St 
then define bF to be the S'-subfamily consisting of all vector spaces F{m + b) 
where m = ^ . iirrii for any ii & Z. □ 
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Summary. A T-equivariant quasi-coherent sheaf on affine space with non- 
degenerate hnear T-action is just a family of vector spaces indexed by the 
lattice points of X{T) and (compatible linear) maps between them encoding 
the module structure. When the action is non-primitive, the sheaf decomposes 
according to the box elements b e Bt- 

We end this section by mentioning what the S-family of a coherent, torsion 
free and reflexive sheaf looks like. Let J-" be a T-equivariant quasi-coherent 
sheaf on with S'-family F. Any m G -^(T) can be uniquely written as 
b + J2i ^i^i where the ii are integers. We often write bF(ii, . . . ,id) '■= bF{m). 
Moreover, the element b e Bt: can be uniquely written as qirrti for ra- 
tional numbers < < 1 and we also often write . . . , i'd) : = 
bF{ii, . . . ,ifi). Similarly, the maps Xi{b + m) are also denoted by tXiih, ■ ■ ■ ,^d), 
{gi,. ..,qd)Xi{h, ■ ■ ■ ,^d) OT simply Xi if we suppress the domain. 

The sheaf J-" is coherent if and only if the corresponding module is finitely 
generated. In terms of F this means the following [Peril Def. 5.10, Prop. 5.11]: 

i) all vector spaces bF{i) are finite dimensional, 

ii) for each b E B^ and ii, . . . ,£d sufficiently negative bF{i) = 0, 

iii) for each b G B^, there are only finitely many L for which 

bF{L) ^ spanc{x[^"^^ ■ ■ ■ x'l^"'^'' s \ s e bF{I) and - £i > not all zero}. 

We refer to T-equivariant coherent sheaves as toric sheaves. 

The sheaf J-" is torsion free if and only if it is coherent and all maps Xj are 
injective. This is proved in [Peril Prop. 5.13] (or [Kooll Prop. 2.8], which also 
discusses pure sheaves of lower dimension). Up to an equivalence of categories, 
this means we can take all Xj's to be inclusion. Decomposing F = bF, 
we conclude that a toric torsion free sheaf on is specified by the following 
data: 

i) a finite-dimensional vector spaces &F(66) for all b G St, 

ii) for each b G B-y'. a multifiltration {bF{i)}^^^a of bF{6b) such that bF{i) = 
bF{6c) for sufficiently large i G Z'^. 

The rank of such a torsion free sheaf is J^beBT dimc(fe-^(oo)). 

How do we identify the reflexive sheaves among the torsion free sheaves? 
The following describe the S'-families corresponding to toric refiexive sheaves. 
Suppose for each & G St we are given a finite-dimensional vector space bV{oo) 
(not all zero) and a filtration 

■■■CbV{£-l)CbV{i)CbV{i + l)c--- , 
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such that bV{^) = for £ sufficiently small and bV{^) = bV{oo) for i sufficiently 
large. Set 

(3) bF{ii, ...Jd) = bV{ii) n • • ■ n bV{id) c bV{oo). 

Such special types of multi-ffitrations exactly correspond to the S'-families of 
toric reflexive sheaves [Perlj Thm. 5.19]. 

3.2. Toric sheaves on [C^/H]. We now describe toric sheaves on the DM 
stack [C^/H], where T = C**^ and if is a finite abelian group, both acting on 
C^. We assume T acts linearly and non-degenerately and the actions of T and 
H commute. By Corollary 12. 61 the category of T-equivariant sheaves on [C^/H] 
is equivalent to the category of H^{'C^^ (9cd)-modules with X(T)-grading and 
X ( if ) -fine-grading. 

Next, we choose coordinates Xj on such that the T-action is given by 
^- Xi = xij^i){.^)xi- As mentioned before, this choice of coordinates is unique 
up to scaling and reordering the Xj. A T-equivariant quasi-coherent sheaf 
F on [C^/H] gives rise to the ii° (C^, Ocd)-module ii°(C^, J") with X(T)- 
grading and X(ii)-fine-grading. In turn, this provides us with an S'-family F 
as described in Section 3.1. For each m G -^(T), the vector space F{m) has 
an X(if)-grading 

F{m)= F(m)„. 

n(iX{H) 

Since the actions of T and H commute, H acts by /i ■ Xj = x{''^i){h)xi for 
some unique Ui G X{H). Each multiplication map Xi{^) maps i^(A)„ to 
F{m + mi)n+ni- In other words, we have the following data: 

i) a collection of vector spaces {F{m)n}mex(T),nex(H), 

ii) a collection of linear maps {Xi{^) '■ F{m) — )■ F{m + ?Tij)}j=i,...,d,m6X(T) 
satisfying 

: F{m)n — > F{m + mi)n+ni, 
Xj{m + TJii) o Xiim) = Xi{m + rrij) o Xji.'m), 

for alH, j = 1, . . . , rf, m G X{T) and n G X{H). 

We refer to this data i^ as a stacky S-family. There is an obvious notion of 
morphism between stacky S-families: a morphism of S'-families respecting the 
fine-grading. This repackaging can be summarized in the following proposition. 

Proposition 3.5. Let T = C*'^ and H be a finite abelian group acting on 
C^. Assume T acts linearly and non-degenerately and the actions of T and 
H commute. Then the category of T-equivariant quasi- coherent sheaves on 
[C^/H] is equivalent to the category of stacky S -families. 
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Note that a stacky S-family decomposes according to the elements of the 
box Bt as in Section 3.1. Coherent, torsion free and reflexive T-equivariant 
quasi-coherent sheaves on [C^/H] correspond to stacky S-famihes with under- 
lying S'-family satisfying the properties described in Section 3.1. We give two 
examples. 

Example 1. Let T = C*^ act by (k, A) ■ {x,y) = {K^x,\y) and H = 
by —1 ■ {x,y) = {—x,—y). The box in this example is Bt = {(0, 0), (1, 0)}. 
A rank 1 toric torsion free sheaf J-" on [C^/ corresponds to the following 
data. Firstly, J-' = (0,0)-^ or = (1,0)-^, because the rank is 1. In either case, 
fej-" is described by specifying a double filtration of C on corresponding to 
the S'-family bF(£i,£2)- The "stackiness" comes in by choosing (Li,L2) G 
sufficiently large such that L2) = fe-F(oo, 00) = C and giving this vector 

space weight or 1 with respect to X{H) = Z2. Since all maps are the identity 
(or zero), this fixes all the X(iir)-weights. A typical bF looks like: 







\ 1 


\ 1 






1 i 


1 io 






1 


! 1 








1 ;0 








\ 1 











where the origin {£1,^2) = (0,0) can be located anywhere. Here the vector 
spaces associated to the lattice points on or above the solid line are C and zero 
otherwise. Moreover, 0, 1 refers to the iJ,2-weigh.t of the vector space associated 
to the lattice point in the left-bottom corner of the box containing it. 

Example 2. Let [€7^*2] be as in the previous example. Let J-" be a rank 2 
toric torsion free sheaf on [C^/^Xg]- Decompose J-" = (0,0)-^© (o,i)-^- There are 
three possibilities: 

(I) The sheaves (o.o)-^ and (0,1)-^ arc both nonzero: then each is a rank 1 

toric torsion free sheaf as in example 1. 
(II) Only one fcj-" is nonzero, then hF{Li,L2) = f,F(oo, 00) = for suffi- 
ciently large (Li,L2) G and this space decomposes as a (nontrivial) 
sum of a weight and 1 space bF{Li, L2) = bF{Li, L2)o © bF{Li, -^2)1. 
The 1-dimensional spaces bF{Li, L2)n both have a double filtration as 
in example 1 and bJ^ decomposes as a sum of two rank 1 toric torsion 
free sheaves. 
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(III) Only one is nonzero, then hF{Li,L2) = feF(oo, oo) = for suffi- 
ciently large (Li,L2) G and this space has weight or 1. This time 
bF{ii,i2) is a double ffitration of on and the X(if)-weight of 
each bF{ii,i2) is fully determined by the X(iJ)-weight of ^Fi^Li, L2). 

For a fixed choice of dimensions of the X(T)-weight spaces, there are only 
a finite number of sheaves of type I and II, but the sheaves of type III have 
continuous moduli corresponding to different choices of inclusions C C C^. A 
typical sheaf of type III looks like: 



6^ 






1 





1 





1 


no 







1 












1 







1 






1 


1 











1 





1 













where the vector spaces below the single line are 0-dimensional, on and above 
but below the double line 1-dimensional and on or above the double line C^. 
The O's and I's in the diagram denote the X(if)-weights. The continuous 
moduli in this example are (P^)^, because there are three connected components 
between the single and double line. 

4. Weighted projective planes 

The weighted projective plane P := P(a, 6, c) is by definition the quotient 
stack [C'^\{0}/C*], where, denoting by {X,Y,Z) the coordinates on and 
A e C* acts by 

This is a smooth complete toric DM stack in the sense of jBCSj IFMNj . Let 
d := gcd(a,6, c), di2 := gcd(a, 6), d^^ := gcd(a, c) and ^23 := gcd(6, c). The 
coarse moduli scheme of P, denoted by P = P(a, 6, c), is the weighted projective 
plane in the classical sense |Fult Sect. 2.2]. The toric variety P(a, 6, c) (in 
general singular) is isomorphic to P{a/d,b/d,c/d). If du = ^23 = c^is = 1, 
then the structure map P — )■ P is an isomorphism away from the points among 
(1 : : 0), (0 : 1 : 0), (0 : : 1) G P which are sing ulail. In the case 
d = 1, P(a, 6, c) is an orbifold meaning that the structure map P — > P is an 
isomorphism away from the lines {0 : Y : Z) , {X : : Z), {X : y : 0) C P. In 
general, P is a Bfi^-geihe over the orbifold F{a/d, b/d, c/d). 



'In this case P(a, 6, c) is called a canonical DM stack (see |FMNj ). 
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4.1. Open cover and torus action. P can be covered by the standard open 
substacks Ui,U2,il3 respectively corresponding to the open sets {X ^ 0}, {Y ^ 
0}, {Z 7^ 0} C C3\{0}. Define a map of sets 

■: {1,2,3} ^Z>o, 

sending 1 i— )■ a, 2 i— )■ 6 and 3 h- )■ c. By jBCS] , we have an isomorphism of stacks 

for i = 1, 2, 3, where fi & fJ^i acts on (x, y) G by 

{^i^x.ii^y) if z = 1, 
^'^y) if i = 2, 
/i^i/) if i = 3. 

The open immersion il, P is induced by the natural inclusion /xj C* as 
the group of i-th roots of unity and the map C3\{0} sending {x,y) to 

[l,x,y) if z = 1, 
(x, 1,?/) if z = 2, 
1) if z = 3. 

We compute the double stack theoretic intersections of the Uj's by taking 
the fiber product over P via the maps defined above. The outcome is 

% := \k xpil,- = [C* X X ^~.], 

for (i, j) = (1, 2), (2, 3), (1, 3). The action of (/i, i/) G Mi x on (7, ^) e C* x C 
is given by 

(z//i"S,/i'=z), 

where k G {1, 2, 3}\{2, j}. The open immersions itjj itj and iljj iXj are 
induced respectively from the projections 

m X /^j ^ Mi and /xj x fi-, 

and the maps C* x C — t- C x C that send (7, z) to respectively 



(7-^z) if (z,j) = (l,2), ^(7^^7'^) if (^,J) = (1,2), 

(^,7-^) if (z,j) = (2,3), and az7^7') if (z, j) = (2, 3), 

(z,7-) if (z,j) = (l,3), [(7^V) if (^,J) = (1,3). 
Similarly, one can show 

ill23 := ill Xpil2 Xpilg = [C* X CV^, X /X, X /xj. 
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where the action of (/i, z/, G /x^ x ^tj, x /^^ on (k, A) G C* x C* is given by 
If is one of the pairs 

(1,2), (2,3), (1,3), 

then the open immersion iti23 ?■ ilij is given by the corresponding projection 

Ma X Mfe X Mc ^ X Mj, 

and the map C* x C* — C* x C taking (k. A) to 

{k,k~'X-') if (z,j) = (l,2), 
(A,^:'^) if (z,j) = (2,3), 

(kX^k-") if (z,j) = (l,3). 

The stack P is equipped with a natural action of a 2-dimensional torus ob- 
tained by rigidifying its open dense substack ili23 = [C*^/C*] defined above 
(see |FMN] l Denote this toru^ by T = C* x C*. One can easily define an 
action of T on the stacks Hi and itjj such that all the open immersions defined 
above are T-equi variant. In the table below we summarize the result by show- 
ing the corresponding weights of the T-action on C x C for each Uj and on 
C* X C for each itjj (recall Lemma | 





T-weights on C x C 






T-weights on C* x C 


ill 


(6,0),(0,c) 




ill2 


(-1,0), (0,c) 


il2 


(-a,0), (-C, c) 




il23 


(1,-1), (-a,0) 


Us 


(0,-a),(6, -b) 




ills 


(0,-1), (6,0) 



Table 1. T-action on each itj and il^,-. 



The T-action on P has three fixed points Pi, P2, which correspond to the 
respective origins of the open substacks ili,il2,il3. 

4.2. fiT-groups of weighted projective planes. Denote by K{F) be the 
Grothendieck group of coherent sheaves on P and let K{F)q := K(F) ®i Q. 
By [BH] 

Ki¥)Q = Q[g, g-']/{l - g^){l - g'){l - /). 

Here g = [Op(-l)] is a generator of Pic(P) = Z |FMNl Ex. 7.27]. The classes 
of the structure sheaves of the fixed points of the T-action are 

[Op,^] = {l-g'^)il-g')il-g^)/il-g^). 



'^In fact ilabc = T X Bfj,^. 
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We prove this in Proposition 17.11 as an easy corollary of the general description 
of toric sheaves on P developed in Section 5. We get the following identities in 

[Op^] = [Op^]g\ 2 = 1,2,3. 

The elements [Op.]g^ for i = 1, 2, 3 and j = 0, . . . , z — 1 generate the subgroup of 
K[F)q of 0- dimensional coherent sheaves. It is not hard to prove the following 
relations among these elements: 

a/d-l b/d-1 c/d-1 

(4) = E i^P^y' = E [^^a]^?'', 

i=0 j=0 k=0 

b/d-1 c/d-1 
1=0 j=0 k=0 



kd+1 



a/d-1 b/d-1 c/d-1 

1=0 j=0 k=0 

a/di2—l b/di2 — l 

i=0 j=0 
b/d23-l c/d23-l 

i=o fc=o 

a/dii-l c/di3-l 
1=0 fc=0 

For example, the first equality in the first row follows from the following identity 
in i^(P)Q 

{l+g'^ + ...+ g-~'^){l - g%l - /) = (1 _ (1 +/ + ... + g^-<i)^l - g^). 

The first equality in the second row is obtained by multiplying both sides of 
this equation by g etc. 

Let IP be the inertia stack of P and tt : IP — P the natural map. We index 
the connected components of IP by the set F and its elements by / G -F. For 
any coherent sheaf J-" on P, define 

ch : K{¥)^ ^ A*m^^, ch(^) := ■ ch(J-;,), 

/eF i 
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where J-} is the restriction of 7r*J-' to the component corresponding to /, 
= @iJ^f,i is its decomposition into eigenvectors and Uf^i G are the 
corresponding eigenvalue^. For any f E F, we denote by ch(J^) / the restric- 
tion of ch(J-') to the component Z of IP corresponding to /. 

Define td : Pic(P) A*{I¥)^^ as follows. Let L G Pic(P) and let / G F. 
Denoting ci(Lj) = Xf and denoting the corresponding eigenvalue of Lf hj uof, 
the component td(L) / is given bjH 

Xf 



1 — UfC 

The whole point of these definitions is that one can compute the holomorphic 
Euler characteristic of J-" by using Toen-Riemann-Roch (TRR) [Toej 

X(^)= / ch(^)-td(a(a))-td(Op(6))-td(a(c)). 

Define m := lcm(a, 6, c). For any coherent sheaf J-" on P and t G Zi>o, define 
P(J-', t) := ® Op{mt)) to be the Hilbert polynomial of F with respect tc0 
Cp(m). 

Proposition 4.1. For any r G Z.- 

i)ifd\r then P{0^{r),t) = 0, 

a) if d \ r then P{Op{r),t) modulo the t-constant term is given by 

dm? 9 f2r + a + h + c, sr^ 1 ^ii 
-—t^ + m\ d+ > — > ^ 

w/iere = e^'^^/'^^^ anc? A; G {1, 2, 3} \ {z, j}. 

Proof. We use the TRR formula above to compute the coefficients of t^ and 
t in x((9p(r + mt)). Only 2 and 1-dimensional components of IP contribute 
to these terms. Let D := {//'^}z=o,...,d-i- The 2-dimensional components of /P 
are isomorphic to P and they are in bijection with the elements of D. The 
eigenvalue of Cp(l) on Fi/a is e^^^'/^^. For (z,j) = (1,2), (1,3) or (2,3), 
let Dij := {//(ijj}z=o,...,dy-i \ F>. The 1-dimensional components of IF are all 



Here fi^ is the group of roots of unity. We will only be concerned with the case J- ^ L 
is a line bundle, in which case each is an eigensheaf. 

^Here (5i_„j, is the Kronecker delta. This expression reduces to the usual Todd class of a 
line bundle when ujf = 1. 

^^Ovim) is the pull back of Op(l) from the coarse moduli space P. 
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isomorphic to one of P(a, b), P(a, c) or F{b, c). The components isomorphic to 
P(z,j) are in bijection with the elements of Dij. The eigenvalue of Op(l) on 
F{i,j)i/d,j is e^'^^'^'Z'''-' . We find the contribution of each component separately. 
Contribution ofFi/^: The integrand in the TRR formula is 

]^ g— ax ]^ C~^^ 1 6~^^ ' 

where x is the first chern class of the pull back of Op(l) to this component. 
The integral over this component modulo the t-constant term is 

((mV2)t^ + (r + a/2 + b/2 + c/2)mt) . 

abc ^ 

Contribution of¥{i,j)i/d.y' The integrand in the TRR formula is 

^2Try^l{r+mt)/dij _ ^{r+mt)x _ _ _ ]_ 



(D—i^ 1 e~-?^' 1 ^2iT^/ —llk/dij . g— fcx 

where a; is the first Chern class of the pull back of to this component and 

k G {1, 2, 3} \ The integral over this component modulo the t-constant 

term is 



-t. 



The proposition follows by adding the contributions of all the components 
above. □ 

Remark 4.2. Since Op(m) is the pull back of Op{l) from the coarse moduli 
space, P{J-',t) is equal to the Hilbert polynomial of the push-forward of to 
P with respect to 0-p{l). If d\r then the push forward of Op{r) to P is zero, 



which gives another proof of the first part of Proposition 4-i 



Definition 4.3. In the proof of Proposition 14.11 we defined the sets D : = 
{//(i}i=o,..,d-i and Aj := {l/dij}i=o,...A,,^i \ D for all i,j = 1,2,3. In addition, 
we define for all z = 1, 2, 3 

A:={/Ah=o,..J-i\PUA,UAfc), 

where j, k G {1, 2, 3} \ {i} and j ^ k. The 2-dimensional components of IF are 
all isomorphic to P and they are indexed by D. The 1-dimensional components 
of IP are isomorphic toF{i,j) and are index by D^j for any i,j = 1,2,3. Finally, 
the 0-dimensional components of IF are isomorphic to F{i) and are indexed 
by A; where i = 1,2, 3. The sets D, A's and A/s give a partition of the set 
of connected components F of IF. The eigenvalue of Op{l) pulled back to IF 
and restricted to the component corresponding to / G -F is e'^'"^^-^ . 
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Corollary 4.4. Let E = ©u=o C^p(^) o'^f^ assume dij \ E for all 1 <i < j <3. 
Then for any r e Z, the Hilbert polynomial P(Op(r) S, t) modulo t-constant 
term is given by 



The toric DM stack P := P(a, b, c) has an action of an algebraic torus T = C*^ 
as described in Section 4.1. In this section, we describe toric sheaves on P. 
The approach is as follows. We cover P by the T-invariant open substacks 
itj = [C^Z/xj] for i = 1,2,3 (see Section 14.11 for the definition of the ilj's 
and i). The action of T and fj,- on are described explicitly in Section 
4.1. A toric sheaf J-" on P restricts to a toric sheaf J-^ on iij which is (up 
to equivariant isomorphism) determined by its stacky ^'-family Fi (Proposition 
13.51) . Conversely, given toric sheaves J-i on ilj, we want to find gluing conditions 
on the stacky S'-families Fi allowing us to glue the J-i to a toric sheaf J-" on P. 

Let J^i\ij be the pull-back of J^j along the inclusion itj^ = ilj Xp Uj iij. 
In section 4.1, we described these maps explicitly at the groupoid level and 
we noted iiij = [C* x C//x- x /x-]. This will allows us to compute the stacky 

5'-family Fi^ij of J^i\ij. Matching Fi^ij and Fj^ij for all i,j allows us to glue 
sheaves (Proposition 12. 2p . 

5.1. Graded tensor products. Given a morphism of affine schemes / : 
Spec S — Spec R and a quasi-coherent sheaf J-" corresponding to an i?-module 
H^{J^) on Spec R, the pull-back /* J" corresponds to the S"- module H^{f*J^) = 
H^{J^) ®R 5* |Hart Prop. 5.2]. Suppose the affine schemes have an action of an 
algebraic torus T, / is T-equivariant and J-" is a toric sheaf. Then f*J^ is a 
toric sheaf. The T-equivariant structure of J-" corresponds to an X(T)-grading 
on H^{J^) and the T-equivariant structure of f*J^ corresponds to an X(T)- 
grading on H^{f*J^). How can this latter grading be described in terms of the 
gradings of H^{J-'), R and S*? We follow Perling's discussion |Perlt Sect. 3]. 

Suppose we are given, in general, an abelian group A, an A-graded ring R 
and y4-graded modules M and N. Then M ^ has a natural A-grading as 
follows |Perl|, Sect. 3]. The degree a part (M A^)^ is the abelian subgroup 



In particular, if d = 1 then e = E = rank£. 




i=l 




Ml, . . . , Me are those u E {0, . . . , E — 1} for which d \ r + u. 



5. Toric sheaves on weighted projective planes 
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generated by all elements 

m ® n, with m G Ma' and n G Na" such that a' + a" = a. 

Next, suppose we are given an A-graded ring R and a i?- graded ring S. A 
morphism of graded rings is a pair {(j), ip) with (p : R S a, ring homomorphism 
and ip : A ^ B a. group homomorphism satisfying 4>{Ra) C S^(a)- Given such 
a morphism of graded rings, R can be given a S-grading by defining 

Rb ■= Ra- 

Likewise, any A-graded i?-module M can be a seen as a i?-graded -R-module. 

Back to the geometric setting, the T-equivariant morphism / : Spec S — t- 
Spec R gives a morphism of graded rings {4>,x) '■ (-^^^(T)) — )■ (S', X(T)). 
We can see H^{J^) and S as i?-modules with an X(T)-grading. This makes 
H^{f*J^) into an X(T)-graded 5'-module. Note: in general the X(T)-grading 
on H^{J^) and R is induced by which need not be the identity map. In our 
applications x is always the identity map. 

5.2. Gluing conditions. We are now ready to describe toric sheaves on P. A 
toric sheaf J-^ on itj = [C^/^tj] is determined (up to equivariant isomorphism) 
by its stacky S*- family Fi (Proposition 13. 5p . We want to compute the stacky 
^'-family Fi^ij of the toric sheaf J^i\ij on ilij = [C* x C/fj,-- x Hj] for all 

Matching Fi^ij and Fj ij for all i,j allows us to glue the J-^ to a global toric 
sheaf J-" by Proposition 12.21 

The torus T has character group X(T) = T? . This torus is acting on each 
ilj and ilij. We denote the elements of T = C*^ by (k. A) G T. For each 
ilj = [C^//X|], there are coordinates {x,y) on such that (k. A) ■ (x, y) = 
(x(mi)(K, A)x, x("^2)('^, A)y) for independent rax^ra^ G -^(T). The characters 
mi, 7712 are unique up to order and we choose the following order^ (see Table 
lOin Section 4.1) 

1 = 1: (mi,m2) = ((&,0),(0,c)), 

2 = 2: (mi,m2) = ((-c, c), (-a, 0)), 
i = 3: (mi,m2) = ((0, -a), (6, -6)). 

These vectors span the box Bt of the action of T on ilj. Likewise, for each 
iXij = [C* X C/fii X there are coordinates (7,2;) on C* x C such that 
(k. A) ■ (7,2;) = (x(^i)(^, A)7, x("^2)(^5 A)^) for independent mi,m2 G X(T). 



^^Compared to Table ITTI in Section 4.1, we have changed the order for i = 2 because of 
symmetry reasons. 
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We compute Fi^u in terms of Fi. Recall that we denote the various vector 
spaces corresponding to Fi by (i/b,j/c)Fi{ii,i2)i (see Section 3). Here the box 
Bt = [0, b—1] X [0, c— 1] C X(T) and its elements are written by {i/b,j/c) G Bt- 
The inclusion iiu = [C* x C/fi^ x /xj ^ iii = [CV^a] corresponds to the 
etale morphism (Section 4.1) 

(5) C* X C ^ C^, (7, z) ^ (7"^ z) = (x, y), 

which intertwines the /j,^ x /Xf,- and /x^-actions and the T-actions. These actions 
are given by 

(k, A) ■ (7,2;) = {K-^-f,X^z), 
(/i, u) ■ (7,2;) = (/i^V7,/i^2), 
(k, A) ■ {x,y) = (k^x, X'^y), 
■ ix,y) = {n''x,n''y). 

We denote a-th roots of unity by /i e /j,^, 6-th roots of unite by z/ G /Xf, and 
c-th roots of unity by ^ G fi^. We first restrict ^-"1 to C* x C C C^. For a 
fixed £2, the vector spaces (j/bj/c)-P'i(^i, ^2) stabilize for ii ^ 0. This means 
they are all isomorphic for £1 ^ 0. Up to isomorphism of Fi, we can take 
all these isomorphisms between these limiting spaces to be the identity map 
(though these maps in general do swap the fine-grading!). We denote the limit 
by {j/fe,j/c)-Fi(oo, £2)- The sheaf J-'i|c*xc has an 5'-family Gi which is easily 
computed using the description of grading on a tensor product of Section 5.1 

{i/b,j/c)Gi{£i,£2) = (i/b,j/c)Fi{oo,£2). 

The maps between these vector spaces are the identity in the £i-direction and 
the obvious induced maps in the £2-direction. This is because multiplication by 
X is an isomorphism. The fine-grading does depend on £1 albeit in a trivial way. 
This means that for £1 ^ such that {i/b,j/c)Fi{£i,£2) = {i/b,j/c)Fi{oo,£2), we 
have {i/b,j/c)Gi{£ij2)i = {i/b,j/c)Fi{£i, £2)1- The fine-grading on (i/b,j/c)Gii£i,£2) 
for one fixed £1 determines the the fine-grading on (i/6j/c)Gi(£i, £2) for all £1 

{i/b,j/c)Gi{£i,£2)i = {i/b,j/c)Gi{0,£2)i-eib ® fJ'^^^- 

Here — ® /i' stands for tensoring with the one- dimensional representation of 
of weight I & Tja- We define the fine-grading on the limit vector space 
{i/b,j/c)Fi{oo,£2) by 

{i/b,j/c)Fi{oo,£2)i ■= {i/b,j/c)Gi{0,£2)i- 
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The 5-family A,i2 at the point {io/b,j/c) + ii ■ (6, 0) + £2 ■ (0, c) G X(T) = 
is 

ii/b,j/c)Fl{00,i2)- 
0<i<fe-l 

The maps between these vector spaces are the identity in the £i-direction and 
the obvious induced maps in the ^2-direction. This expression can be derived 
as follows. Using the description of grading on a tensor product of Section 5.1 
and the explicit formula for the map (|5]), we see that an element of Fi^i2 at 
(io/bj/c) + ii ■ (6, 0) + £2 ■ (0, c) G X(T) = can be uniquely written in the 
form 



0<i<b-l 

where 

Vi G {i/b,j/c)Gi{£i,£2)- 

Here the notation — ® 7 comes from the following. The module Fi = H^{J^i) 
is a finitely generated C[x, y]-modu\e. First, it gets restricted to C* x C, which 
makes it into a C[x^, ?/]-module Gi. Then it gets pulled-back along the etale 
morphism ([5]), which gives us a C[7^, 2]-module Gi ® €[7^, z]. The various 
homogeneous elements Vi ® are elements of this module. 

Next we determine the fine-grading. Assuming Vi to be homogenous of weight 
I + i — io & Za with respect to the action of /ia, the weight of Vi ® 7*"*° with 
respect to the action of /x„ x /x^ is 

(l.i-io) G Za®Zb. 

Therefore, the fine-grading on the weight space of Fi^u at the point {io/b, j /c) + 
£1 ■ (6, 0) -I- £2 • (0, c) G X(T) = Z2 is 

{^/b,j/c)Gl{il, i2)l+i-ro ® /i'""' ® 

< i < 1 

/ e la 

or in other words 

< i < fe- 1 

I e la 

Here — ® /i^ stands for tensoring with the one- dimensional representation of 
/x„ of weight / G and — ® stands for tensoring with the one-dimensional 
representation of /x^ of weight I eZ^. 
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Theorem 5.1 (Gluing conditions). The category of toric sheaves on P is 
equivalent to the category of triples {-Fi}i=i,2,3 of stacky finite S -families on 
iii = [C'^/ni] satisfying the following gluing conditions: 

{,/b,j/c)Fi{oo,e)i(S) fi-' (S>iy" 

< j < b- 1 
/ e Za 

{^/c,j/a)F2ioo,£)l(E)ly-' 

< i < c - 1 

{^/a,J/b)F3{0O,e)l(S)^' (g)fi' 
< j < a- 1 

I e Zc 

for all i E Tj and similar gluing conditions between the linear maps. 

Proof. The category of toric sheaves on P is equivalent to the category of triples 
{J^i}i=i,2,3 of toric sheaves on ilj = [C^//xj] satisfying the gluing conditions 
of Proposition 12.21 In turn, a toric sheaf J-^ is described (up to equivariant 
isomorphism) by its stacky S'-family Fi (Proposition 13. 5p . Given toric sheaves 
{J^i}i=i,2,3 on iii — [C^/mj], we consider the toric sheaves J-il^ on iljj = [C* x 
C/ni X Hj] for all i,j. We compute the stacky S'-family Fi ij corresponding to 

TTl . . 

The case Fi^u was computed. At a point (0, j + ci) G ^(T) = its stacky 
S'-family is given by 

® {i/b,j/c)Fi{oo, i)i ® ® v\ 

< i < &- 1 

/ e Za 

Completely similarly, the stacky S'-family of -F2,i2 at {— j — Ic, j + Ic) G -^(T) = 
7? is given by 

{j/c,i/a)F2{^, oo)i ® v~' ® li. 

< i < a - 1 

1 6 

Note however, that we cannot "equate" these two answers. This is because 
the first vector spaces live on the line (0, j + c£) and the second vector spaces 
live on the line (— j — £c, j -|- ic) G ^(T) = 1? . Translating these last vector 
spaces to the line (0, j + ic) G ^(T) = 1? gives the first equation. The other 
equations go similar. 



< i < a - 1 

/ e 

= U/aa/b)F3{£,00)i^r'-^-'-®,.'+^+'\, 
< i < fe- 1 

/ e Zc 

= uMc)Fiii, oo), ® f,-^-^-'" ® f +^"+^^ 

< i < c- 1 
I e Za 
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Note that the equahties in the theorem should be isomorphisms of graded 
vector spaces satisfying the cocycle identity. However, up to isomorphism (and 
hence up to equivalence of categories), we can choose them to be identities. □ 



6. Examples of topic sheaves on weighted projective planes 

In this section, we give some examples of toric sheaves on P := P(a, b, c) as 
described by Theorem 15. 1[ The focus will be on rank 1 and 2 toric torsion free 
sheaves and vector bundles. 



Example 1. Let J-" be a rank 1 toric torsion free sheaf on P^. 
iii = C^, J-" is described by its S'-family Fj (Section 3) 



Fi 




{As, A 



In each chart 



•■■ 



where on and above the solid line all weight spaces are C and all maps are the 
identity and below the solid line all weight spaces and maps are 0. The solid 
dot indicates an element {Aj,Ak) € which determines the position of the 
partition. According to Theorem 15. ![ this glues to a toric sheaf if and only if 

A2 = As, A4 = A5, Ae = Ai. 

Example 2. Let J-" be a rank 1 toric torsion free sheaf on P(l,l,2). The 
charts ili and il2 have a box of size 2, whereas its has a trivial box. Since we 
are in the rank 1 case, for each i = 1,2,3 there is only one bi G for which 
the stacky S'-family ^.F^ is nonzero (Section 3). A priori this gives 2-2 = 4 
choices of 6j's. The gluing conditions reduce this to 2 choices 

61 = (0,V2), &2 = (V2,0), 63 = (0,0), t G {0,1}. 

Fix one of these 2 choices. On each chart iXj, the S'-family ^-Fj is given by the 
same data as in the previous example. Here we temporarily ignore the fact 
that the weight spaces in lis carry a ^2"^ction. This local data is described 
by 3 partitions and 6 integers Ai, . . . ,Aq G Z. The gluing conditions impose 
A2 = A3, A4 = A^, Aq = Ai as in the previous example. On the chart ils, each 
weight space carries a ^2"3^ction. Fixing the weight of one nonzero weight space 
determines the weights of all other weight spaces. Since /X2 acts by (—1,-1), 
the weights alternate as in example 1 of Section 3. For fixed partitions and 
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integers Ai, this a priori gives 2 choices of /^g'^ctions. However, the gluing 
condition allow precisely one choice! (It is immediate there can be at most one 
choice. Looking closer one finds that there is a choice.) 

Example 3. Let J-" be a rank 1 toric torsion free sheaf on P(2, 2, 2). This time, 
each chart il^ has a box of size 2-2 = 4. As before, for each i = 1, 2, 3 there 
is only one bi G Bt for which f,-Fi is nonzero (Section 3). A priori this gives 
4 ■ 4 ■ 4 = 64 choices of 6j's. The gluing conditions reduce this to 8 choices 

h = (V2,j72), b2 = {j/2,k/2), bs = (A;/2,V2), t,j,k e {0,1}. 

Fix any of these 8 choices. On each chart it^, the S-family ^-Fj is given by the 
same data as in the previous two examples (again, first ignoring the ^2"^ctions). 
This local data is described by 3 partitions and 6 integers Ai, . . . , G Z. The 
gluing conditions impose ^2 = ^43, A4 = A^, Aq = Ai as before. On each 
chart ilj, the weight spaces carry a /X2-action. Since the finite groups /X2 ^^t 
trivially, all weight spaces on a fixed chart itj have the same character. For 
fixed partitions and integers Ai, this a priori gives 2 ■ 2 ■ 2 = 8 choices of 
actions. However, the gluing condition again allow precisely one choice! 

From examples 1,2 and 3 the general picture of rank 1 toric torsion free 
sheaves on any P is easily obtained. We start by describing toric line bundles. 
A toric line bundle L is locally described by three stacky ^'-families Lj and for 
each i = 1,2,3 there is only one 6, G for which f,-Li is nonzero. A priori 
this gives be + ac + ba choices, but the gluing conditions reduce this to one of 
the following abc choices 

bi = ii/b,j/c), 62 = ij/c,k/a), 63 = {k/a,i/b), 
0<z<6-l, 0<j<c-l, 0<A;<a-l. 

Fix any such choice i,j, k. On each chart ilj, the S'-family b-Li is fully deter- 
mined by the weight of its unique homogeneous generator, i.e. by two integers. 
Here we ignore the /it --actions for the moment. A priori this gives 6 integers 
to choose, but the gluing conditions reduce this to 3. In particular, there 
are unique integero /, J, K such that the homogeneous generators have torus 
weight 

i/b{b, 0) + j7c(0, c) + /(6, 0) + J(0, c) G X(T) = Z^, 
j/c(-c, c) + k/a{-a, 0) + J(-c, c) + K{-a, 0) G X(T) = 
A;/a(0, -a) + i/b{b, -b) + Ji (0, -a) + /(6, -b) G X(T) = Z^. 



'In Examples 1-3 of this section /, J, K are respectively denoted by Ai, A^,A^. 



26 



A. GHOLAMPOUR, Y. JIANG AND M. KOOL 



Defining A = i + lb, B = j + Jc and C = k + Ka, we see ttiat tlie data so far 
is uniquely determined by the specification of tliree integers A,B,C. In otlier 
words, specifying A, B,C G Z determines tlie positions of tfie homogeneous 
generators in the charts iti,il2,il3 according to the above recipe. So far we 
have ignored the /x^-actions. For fixed A,B,C G Z, there are unique finite 
group weights of the homogeneous generators for which the data glues to a 
toric line bundle, i.e. (Theorem 15. ip 



A + B + C eZa oniii, 
A + B + C eZbonii2, 
A + 5 + C G Ze onilg. 

We denote the toric line bundle corresponding to {A, B, C) G by L(^a,b,c) 
and its stacky S'-families by I/(A,B,c),i- From the description of grading on a 
tensor product (Section 5.1), it is easy to see that 



'{A,B,C) 



L 



iA',B',C') 



L 



{A+A',B+B',C+C')- 



Proposition 6.1. Let Pic'^(P) be the equivariant Picard group o/P. Then 

{AB,C) ez'^ L^A,B,c) e Pic^(P) 

is a group isomorphism. 



Recall that the ordinary Picard group of P is Z [FMNt Ex. 7.27]. A rank 
1 toric torsion free sheaf on P is described by the same data as a toric line 
bundle on P except that on each chart ilj a partition is cut out in the corner 
as in examples 1,2 and 3. We now turn to rank 2. 



Example 4. Let J-" be a rank 2 toric torsion free sheaf on P^ (see also |Kly2] 
or |Koo2j ). In each chart itj = C^, J-" is described by a double filtration of 



(Section 3): 
Ai 

bil 



{Ai,A 



A, 



A, 



(A3,A 





■■■■p 


3- 






























Pa 











■■■<&■■■■■ 












J" 


D 






< 


• 






Pfi 




) 









A, 



Here Ai, . . . , G Z fix the position of the filtrations and Ai, . . . , Ag G Z>o 
are the widths of the indicated regions. Furthermore, pi, . . . ,pQ,qi,q2 C 
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are 1-dimensional linear subspaces. In each region, the vector spaces on the 
associated lattice points are as indicated and all maps are inclusions. Also, the 
lattice points below the single solid line have as their associated vector space. 
According to Theorem 15. this glues to a toric sheaf if and only if 

A2 = As, = A5, Ae = Ai, 
A2 = A3, A4 = A5, Ae = Ai, 



P2 



Note that the vector spaces qi,q2 are not involved in the gluing conditions. 
A general rank 2 toric torsion free sheaf can have many more (or none) g^'s 
sitting in the corners. Also, the widths Aj are allowed to be zero in which case 
the corresponding pi's do not appear in the gluing conditions. Rank 2 toric 
vector bundles are fully determined by integers Ai,A2,A3 G Z, Ai, A2, A3 G 
Z>o and a point {pi,P2,P3) £ (P^)^ (Section 3, Equation (|3])). Abbreviating 
Pij '■= Pi n pj C C^, a typical rank 2 toric vector bundle looks like: 

Ai A2 A3 



(^1 





Pi- 






























. . . rin 


M 


Pl-2 

k 






f 


Z 


,A^ 











A, 







2- 






'2 






















p 


23 




p 


3 


i 












,A: 














(^3 

















■P3 


























• 




Pl3 








) 









|Ai 



Here the regions labelled by Pij either have associated vector space (if Pi 7^ pj) 
or Pi = Pj C on the lattice points. (So the wiggly line is either not present 
or a single solid line.) Moreover, the widths Aj are allowed to be zero, in which 
case the corresponding piS do not appear. 



Example 5. Let J-" be a rank 2 toric torsion free sheaf on P(l,l,2). We 
focus on the case J-" is a vector bundle. The general case can be deduced by 
the reader. The stacky S-families decompose according to the box elements 
A = (o,o)A © (0,1/2) A, h = {0,0)^2 © (i/2,o)A and F3 = (o,o)A- Since the rank 
is 2, either each summand is a rank 1 toric line bundle or one summand is zero 
and the other is a rank 2 toric vector bundle. We distinguish the following 
cases: 

(I) One box summand of Fi is zero for both i = 1,2. Let b,Fi 7^ then 



h = (0, z/2), 62 = 0), 63 = (0, 0), z G {0, 1}, 
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SO there are 2 choices. Fix the 6i's. Disregarding the ^2"^ctions for the 
moment, the S'-famihes Fi are exactly as in the case of toric vector bun- 
dles in the previous example, i.e. determined by integers Ai, A2, A^ G Z, 
Ai,A2,A3 G Z>o and a point (^1,^27^3) G (P^)'^. Again, the widths 
Aj are allowed to be zero, in which case the corresponding pj's do not 
appear. For any such fixed choice, there is a unique choice of ^2"^ctions 
on the weight spaces of -F3 making this into a stacky S-family. For this 
choice, the limiting vector spaces do not decompose as the sum of 
1-dimensional spaces with different weights. 
(II) None of the biFi is zero. Start by ignoring the ^tg'^ctions. The S'- 
famihes (0,0)-^! and (0,0) -^2 look like 



(0,0) -^l' 











3 








\-4 














L 










< 


1 










) 









(0,0) 2 



..p.. 



{Ai,Ai) : : : : {A2, Ai 

where p is a 1-dimensional vector space and Ai,A2,A3 G Z. Here we 
have already glued (0,0) -^1 and (0,0) -^2 along ili2. A similar picture can 
be drawn for (0,1/2) A and (1/2,0) -^2 replacing p, Ai by g, Bi. It is easy to 
work out what the rest of the gluing conditions for this vector bundle 
are. We do one case. Assume Ai < Bi, A2 > B2 and A3 > B3. In 
order to satisfy the gluing conditions (still ignoring the /X2-actions), the 
vector spaces p, q must be distinct linear subspaces of (so = p(Bq) 
and the 5'-family F3 must look as follows: 

As-Bs 



Ci2.. 



{B3,A 



\B,-A, 



There is a unique choice of ^i2"actions on the weight spaces which makes 
this into a rank 2 toric vector bundle. Such toric vector bundles are 
always equivariantly decomposable as a sum of two toric line bundles. 
Even when ignoring the /j,2-actions, there is no analog to this kind of 
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toric vector bundle on P^. All other type II cases go similar and are also 
equivariantly decomposable as a direct sum of two toric line bundles. 

Example 6. Let J-" be a rank 2 toric torsion free sheaf on P(2,2,2). Again, 
we will focus on the case J-" is a vector bundle. Let Fi be the stacky S-families. 
There are three cases: 

(I) Exactly one box summand of Fi is nonzero for each i = 1, 2, 3. A priori 
there are 4 ■ 4 ■ 4 = 64 choices of fej's, but only 4 ■ 2 ■ 1 = 8 of them satisfy 
the gluing conditions. The rest of this case is exactly as in Example 
5.1. In particular, the limiting vector spaces do not decompose into 
1-dimensional spaces with different ^g'^^iS^ts. 
(II) There is only one i = 1,2,3 for which only one box summand of Fi 
is nonzero. Say without loss of generality i = 3. A priori there are 
4 ■ 6 ■ 6 = 144 choices of foj's, but only 4 of them satisfy the gluing 
conditions. The rest is as in Example 5. II. In particular, J-" is globally 
the direct sum of two toric line bundles. 
(Ill) For each i = 1, 2, 3 two box summands of Fi are nonzero. Again, J-" is 
globally the direct sum of two toric line bundles. 



Remark 6.2. Example 6 readily generalizes to a classification of rank 2 toric 
vector bundles on any P. In particular, we can always distinguish types I, II, 
III. Types II and III are always equivariantly decomposable as a direct sum 
of two toric line bundles whereas type I could be equivariantly indecomposable. 
Rank 2 toric torsion free sheaves are obtained from this description by putting 
1-dimensional vector spaces qi "in the corners" much like in example 4- 

The reader might have noticed that for all rank 1 and 2 toric torsion free 
sheaves on P, we first glued sheaves according to Theorem \5. 1\ whilst completely 
ignoring the finite group actions. This is much simpler. Then we noted there 
exist unique finite group actions on the weight spaces which glue this into a 
toric sheaf. We expect this to be true for toric torsion free sheaves of any 
rank r > 0. However, this is not true for general toric coherent sheaves. For 
example, take P(l, 1, 2) and take the zero sheaf on charts ili,il2 and put a single 
C on an arbitrary lattice point o/X(T) associated to iis and zeros elsewhere. 
In this case there are no gluing conditions and we can endow C with either 
weight or 1 with respect to the /Xg-acizon. 
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7. Rank 1 and 2 torsion free sheaves on weighted projective 

PLANES 

Let j£ be a smooth proper DM stack. Let ir : X ^ X he the map to the coarse 
moduh scheme and assume X is projective. Fix a polarization on X and 

a generating sheaf S on X. A generating sheaf on j£ is a vr-very ample locally 
free sheaf on X. This notion was introduced by |OSj (see also |Nirt Sect. 2]). In 
(Mr], Nironi constructs the moduli space M of Gieseker stable (w.r.t. 
and S) sheaves on X with fixed modified Hilbert polynomial. Here the modified 
Hilbert polynomial of a coherent sheaf J-" on X is the polynomial 

Po^msiJ', t) = Ti*Ox{t) ®s*®j'). 

The modified Hilbert polynomial is used to define Gieseker stability in the usual 
way. The reason £ is introduced is because otherwise x(^5^*C'x(i) ® J^) = 
Ox{t)®Ti^J^) only "sees" the coarse moduh scheme X. The moduli space 
M is in fact constructed using GIT and it is a quasi-projective C-scheme |Nir|, 
Sect. 6]. In the case there are no strictly Gieseker semistable sheaves M is 
projective. 

Let P := P(a, 6, c) as before, let Op(l) be any polarization on the coarse 
moduli scheme P and let £ be any generating sheaf on P. For any class c G 
K{¥)q of a torsion free sheaf on P, define M£{c) to be the moduli scheme of /i- 
stable sheaves on P of class c. Note that there are two differences with Nironi 
[Mr]. Firstly, we fix i^-group class instead of modified Hilbert polynomial. 
This is a more refined topological invariant (see also the discussion in the 
introduction of [Mr] ). Secondly, we use instead of Gieseker stability. Here 
we mean /i-stability defined using the modified Hilbert polynomial, i.e. the 
linear term of the modified Hilbert polynomial divided by the quadratic term 
of the modified Hilbert polynomial. The moduli scheme M£{c) does not depend 
on the choice of Op(l) but does (in general) depend on the choice of generating 
sheaf £. (For polarizations on P and a general survey on weighted projective 
spaces viewed as toric varieties, see e.g. |RT] .) 

Note that we consider moduli spaces of /x-stable sheaves only and we do not 
consider strictly /^-semistable sheaves. For ii'-group classes c for which the 
associated modified Hilbert polynomial satisfies certain numerical constraints 
on the coefficients, one can ensure there are no strictly /i-semistables around. 
E.g. see examples 1-4 at the end of section 7.2. 

Convention. Throughout this section, we fix the standard polarization Op(l) 
on P and we choose a generating sheaf £ := @^ZlOf{—u), where E is any 
positive integer such that the least common multiple m of a, 6, c divides E. 
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Note that this S admits equivariant structures. This is not the most general 
choice of generating sheaf on P, but we are getting the nicest formulae in this 
case. Most of the time, we suppress the dependence on Cp(l) and £. 

7.1. Rank 1. In this section, c denotes the class of a rank 1 torsion free sheaf 
on P and we denote the corresponding moduli space by M(c). In the rank 1 
case M(c) is independent of the choice of polarization as well as generating 
sheaf because /i-stability is automatic. We are interested in computing the 
topological Euler characteristics e(M(c)) of these moduli spaces, where we let 
c G A'(P)q run over all classes of rank 1 torsion free sheaves on P with fixed 
first Chern class (5 e v4^(P) 

ci{c)=/3 

Here g is a formal variable keeping track of the class c. 

In practice, q stands for the following variables. We introduce the formal 
variables po, . . . ,Pa-i, Qo, ■ ■ ■ , Qb-i and tq, . . . , Tc-i respectively keeping tracks 
of the classes 

[OpJ, . . . , [Op,]g^-\ [Op,], . . . , [Op,]g'-' and [Op,], . . . , [Op,]g^-' 

in K{F)q defined in Section l42l In the light of (|4]), we impose the following 
relations among these variables: 

(6) PoPd ■ ■ ■ Pa-d = qaQd ■ ■ ■ Qb-d = roTd ■ ■ ■ r^-d, 

PiPd+i ■ ■ -Pa-d+i = qiQd+i ■ ■ ■ Qb-d+i = rird+i ■ ■ ■ Vc-d+i, 

Pd-iP2d-i ■ ■ ■ Pa-i = qd-iq2d-i ■ ■ ■ Qb-i = rd-ir2d-i ■ ■ ■ rc-i, 

P0Pdi2 ■ ■ ■ Pa-di2 = Q0Qdi2 ■ ■ ■ Qb-di2 ) • • • 
PoPdis ■ ■ ■ Pa-d23 = ''^O^dia ' ' ' ''^c-dis, • • • 
Q0'ld23 ' ' ' Qb-d23 = '"0'^(3!23 ■ ■ ■ '^c-d23^ ■ ■ ■ 

As a toric sheaf, Op^ is described by stacky S-families Fi, F2, -F3, where 
-^2 = -^3 = and Fi consists of a single vector space C with trivial ^t^-action 
at (0,0) G ^(T) = and zeros everywhere else. The toric sheaves Op,, Op, 
have similar descriptions replacing 1 by 2 and 1 by 3 respectively. Denote by 
[Cpi <^ fj], [Op, ® u], [Op, ® C,] the generators of the Grothendieck groups of 
the residue gerbes at the points Pi, P2 and P3, i.e. K{B^:^ = Rep(^i-) for 
i = 1,2, 3. We use the same notation for the push-forwards of these classes to 



32 



A. GHOLAMPOUR, Y. JIANG AND M. KOOL 



Proposition 7.1. The K-group classes [Op^ ® yU*], [Op^ i^^, [Op^ ^''] are 
equal to respectively (1 — g'^){l — g'^)g\ (1 — g"'){l — g^)g^ , (1 — — g^)g''- 

Proof. We compute [Op^ and leave the other cases to the reader. Recall the 
characterization of toric line bundles L(^a,b,c)i A,B,C e Z of Section 6. Note 
that L(i 0,0), -^(0,1,0)) -^(0,0,1) generate the equivariant Picard group (Proposition 
I6.ip and their i^-group classes are g = 1)]. Using the description of toric 

line bundles and Op^® in terms of stacky S-families (Section 6), one readily 
constructs a T-equivariant short exact sequence 

— > L(^b,c,o) — > L{b,o,o) © -^(o,c,o) — > -^(0,0,0) — > C'pi — > 0, 

where the first map is f iH- {v, v) and the second map is {v, w) ^ v — w. Since 
Cpi /U* = Op^ ® -^^{o,o,j) (Section 6), we obtain 

[Op, ® fi'] = L^o,o,i) - kb,o,i) - ko,c,i) + hb,c,) = g'- g'^' - g'^' + g'^'^'- 

□ 

Slightly more generally than Proposition I7.H one can consider a stacky S- 
family with F2 = = and Fi of the following form: put a single vector space 
C with representation /i" on the lattice point i/b{b,0) + j'/c(0,c) + /(&, 0) + 
J(0, c) = (i + Ib,j + Jc) G ^(T) = Z^. The corresponding toric sheaf is easily 
seen to be 

Cpi ® L(^ij^ibjj^jc^a-i-Ib-j-Jc), 

SO its -fT-group class is (1 — 5'^)(1 — g'^)g'^- Similarly on the other charts 1X2, ils- 
Let J-" be any rank 1 toric torsion free sheaf on P. The reflexive hull of J-" is 
a toric line bundle L(^a,b,c)- This is clear from the toric picture of Section 6. 
The cokernel 

L^A,B,c) 
is a 0-dimensional toric sheaf which can be described by three colored 2D 
partitions as follows. In each chart ilj, the stacky 5- family of Q has only one 
nonzero component Qi in its box decomposition. The set 

defines a 2D partition. Suppose i = 1 and write uniquely A = i+Ib, B = j + Jc, 
C = k + Ka as in Section 6. The 2D partition associated to Qi is nonempty 
if and only if Q\{I, J) 7^ and Qi{I, J) has /x^-weight 

A + B + C mod a. 

Since any nonzero element of Qi{I,J) generates the whole module Qlui, we 
know the /^^-representation of any nonzero Qi{ii,i2), i-e. 

A + B + C + iib + i2C mod a. 
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This describes a Za-coloured 2D partition Ai(J-'). Similarly, colored partitions 
A2(J^), A3(J-') arise from the charts it2, iis- For i = 1,2,3, we denote by 



n 



(A,B,C)[^) 



the collection of all 2D partitions with Z^-colouring arising from 



some Aj(J-'), where J-" is a rank 1 toric torsion free sheaf on P with reflexive 
hull L(^A,B,c)- Depending on the choice of a, 6, c, not all i colors might appear. 

Example 1. Assume (a, 6, c) = (1,1,2) and let A,B,C G Z. The charts ili 
and il2 give rise to the collections Ii(^A,B,c)iX)^ ^{a,b,c){'^) of (uncolored) 2D 
partitions. Moreover, chart ila gives Ii(^A,B,c)i^>)i i-e. the collection of Z2-colored 
2D partitions where the first block is if A + S + C is even and 1 ii A + B + C 
is odd: 



(a,6,c) = (1,1,2) 
A + B + C even 















1 





















1 


i 1 











1 i 


1 















(a,6,c) = (1,1,2) 
A + B + C odd 
















1 













1 iO 








1 


i 1 








Example 2. Assume (a, 6, c) = (2, 2, 2) and let A,B,C e Z. Then U(a,b,c){1), 



n 



{A,B,C) 



(2), n 



{A,B,C) 



(3) are collections of Z2-colored partitions, but only one 



color actually appears. 
A + 5 + C is odd 



(a,6,c) = (2,2,2) 
A + B + C even 



This color is when A + B + C is even and 1 when 



(a,6,c) = (2,2,2) 
A + B + C odd 








































OiO 
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1 










1 
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1 i 1 








1 


1 i 1 


1 





Back to the general situation. For i = 1, 2, 3, the 2D partitions of Il(A,B,c){'i) 
are colored by Zj, though not all colors actually have to appear (Example 2). 
For any / G Z. and A G Il(^A,B,c)i'>')^ denote by ^^A the number of boxes of A 
with color /. The previous discussion together with Propositions 16. H 17. II gives: 

Proposition 7.2. Let T be a rank 1 toric torsion free sheaf on P. Let L(^a,b,c) 
be the reflexive hull of and let Q be the cokernel of the inclusion J-" C L(^a,b,c)- 
Then Q is described by three colored partitions Xi{J^) G ^{a,b,c){''') > i = 1)2,3 
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and the K -group class of J-' is 

3 i-l 



^A+B+C 



i=l 1=0 / 

Suppose J-" is a rank 1 toric torsion free sheaf on P with reflexive hull L(^a,b,c)- 
When counting T-fixed points in the proof of the theorem below, we are only 
interested in the coherent sheaf J-" and not its equivariant structure. A toric line 
bundle L(^a',b',c') has trivial underlying line bundle if and only if A' + B' + C = 
0. By tensoring with L(^^a~b,a+b), we change its equivariant structure, but 
not the underlying coherent sheaf. Therefore, it suffices to only consider rank 
1 toric torsion free sheaves J-" on P with reflexive hulls of the form L(o,o,c)- In 
this case, Ci(J-') = —C. For any /3 G A^(P) = Z and i = 1,2,3, we define 
n^(z) := 11(0,0,-/3) (0- The main result of this section is the following theorem. 

Theorem 7.3. For any /3 G /1^(P), we have 

E lipf] I E n***) ( E fi'-f' 

^Aen^(i) 1=0 I \Aen;3(2) i=o f yAen^(3) i=o 
•where the variable pi,qi,ri satisfy relations 

Proof. Fix a class c G K{F)q with Ci(c) = /3. The moduli scheme M(c) has a 
torus action, which at the level of closed points is given bjQ 

t . [JT] := [t*jr]^ teT, J^G M(c). 

By localization e(M(c)) = e{M{c)^). The closed points of M(c)'^ are exactly 
the isomorphism classes of rank 1 torsion free sheaves with class c satisfying 
t*J^ = for all t G T. Since any such J-" is simple, it admits a T-equivariant 
structure |Koolt Prop. 4.4] and this T-equivariant structure is unique up to 
tensoring by a character of T [Kooll Prop. 4.5]. Consequently, M(c)'^ is equal 
to the seto of equivariant isomorphism classes of rank 1 toric torsion free 
sheaves with class c, where two such classes [J-'], [J-''] are identified whenever 
J-" and J-"' differ by a character, i.e. whenever = J^' ^ L(^a,b,c) for some 
A + B + C = 0. 

Hence any element of M{c)^ can be uniquely represented by stacky 5- 
families {-Fj}j=i,2,3 of a rank 1 toric torsion free sheaf with reflexive hull L(o,o,-/3)- 



^"^To construct the action of T on M(c) as a morphisni, one extends the argument of 
[Kooli Prop. 4.2] to Nironi's setting [Mr]. 

^^Note that this only describes a bijection of finite sets. We are actually dealing with an 
isomorphism between two finite collections of reduced points by [Kooll Thm. 4.9] (extended 
to this setting). 
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By Proposition \7.2\ the elements of M{c)^ are in bijective correspondence to 
triples of partitions (Ai, A2, A3) G n^(l) x Hpi^) x 11/3(3) satisfying 



3 i-l 



1 - E E - 91(1 - /)(1 - 91/(1 - 9') 9~^ = c. 



1=1 l=Q 



□ 



By Theorem 17.31 the problem of computing Euler characteristics of moduli 
spaces of the rank 1 torsion free sheaves on P is reduced to counting colored 2D 
partitions. Counting colored 2D partitions is a delicate topic. To the authors 
knowledge, no closed formula exists for the general case. When the action of the 
cyclic group //^ on is balanced, i.e. is of the form yU.-(x, y) = {fix, fi^~^y), there 
is an elegant formula appearing in the physics literature [DSj . The formula in 
this case i E 

(7) E %*°'---9f-V' = 

coloured partitions A 

k-1 



j>0 ^ ^' ' m,...,nk-i& r=l 



-r 



One can count colored 2D partitions keeping track of the number of boxes 
with color only by setting qo = q and qi = ■ ■ ■ = qk-i = 1- Then formula 
is related to the character formula of the affine Lie algebra 'su{k) (Equation 
(4.5) in [DS]) 

fc/24 _ 

(8) = VyX^-^^^O), 

colored partitions A 

where 77(g) is the Dedekind eta function. 

Example 1. We only have balanced actions on all three charts of P for 
(a, 6, c) = (1,1,1), (1,1,2), and (1,2,3) (and permutations). From Theorem 
17.31 and formulae ([7]), ([8]), we get closed expressions for the generating function 
as follows. 

i) Let (a, h, c) = (1, 1, 1). In this case po = qo = tq by (E]) and 

1 



m>o(i-^S)^' 



^^Assuming all colored partitions have color at the origin. 
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ii) Let {a,b,c) = (1,1,2). In this case we have Po = qo = ^qTi by (|6]) and 

1 

^0 

I I , _ „i I — I rnri r r 

fcez 



Putting ri = 1 and Tq = g in Gq, one gets 

1/6 1/6 

where ^3(5') is a Jacobi theta function. Geometrically, the power of q 
keeps track of the Euler characteristic x{-^** I of our rank 1 torsion free 
sheaves J-", where J-"** is the reflexive hull of J-". This can be seen by noting 
that x{Op, ® fi') = Sou x{Op, ® u^) = 6oj and x{Op, ® i^) = ^ofc- 
iii) Let (a, b, c) = (1, 2, 3). In this case po = q^qi = rorir2 by IQ and 

'°-n.>„(i-(.-„n..)')»g'-^'-> 

Setting gi = ri = r2 = 1 and po = "yo = ''^0 = <? in Gq as in the previous 
case, one gets 

«l/4 _ „l/4 

where ^2(^), 6'3(g) are Jacobi theta functions. 
Example 2. Let (a, 6, c) = (1, c, c) with c > 2. In this case there is also a nice 
formula. Relations (E]) give Po = qo - ■ ■ qc-i and qi = ri. The following formula 
can be easily proved 

G 1 ^ 

° nfc>o(i - (^0 ■ ■ ■ r._i)^o (n,>o n-:o(i - ■ ■ ■ n{ro ■ ■ ■ r.^i^-^w ■ 

Example 3. For P(l, 1, 3), we encounter a non-balanced /Xg-action in the chart 
its. We do not know a closed formula for Gq in this example. Relations (E]) 
give Po = qo = ''"o'"i^2- The first few terms of the expansion are 

^ _ (1 + ro + 2rori + 2rorir2 + rorf + 2rQrir2 + 3ror^r3 + 0(5)) 

° nfc>o(l - ('^or'ir2)'=)2 

7.2. Rank 2. In this section, c G -ft'(P)Q denotes the class of a rank 2 torsion 
free sheaf on P := P(a,6,c). We fix Op(l) and £ := ©fTo in the 

beginning of this section. The moduli scheme of //-stable sheaves on P with 
class c is denoted by M^lc) (see the beginning of this section). Unlike the rank 
1 case, not all rank 2 torsion free sheaves on P are /i-stable. We denote by 
Ns^c) C M£{c) the open subset of the /i-stable vector bundles. 
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Denote the inertia stack by /P. Using our explicit calculations together with 
the results of |BCSt IBH] , one can see that the Chern character map (see Section 
4.2) 

is a ring isomorphism. Therefore, fixing a class in c G K{F)q is equivalent to 

fixing an element ch G A*{IF)^^. Recall that the set F indexes the components 
of the inertia stack IF (see Section 4.2). For a fixed f & F corresponding to 
component Z, let chj denote the part of ch taking values in A*{Z)n^. For 

notational convenience, we define {ch.fY '■= (ch/)dimz-fc G A'^^^^~''{Z)^^ to 
be its dimension k part. In this context, we refer to k as the codegree. Fix 
a G A^{IF)^j,^ and /3 G A^[IF)^^ (parts of) the Chern character of a rank 2 
torsion free sheaf on P. Define the generating functions 

H.,/3(g):= <Me{c))q^, K'A^) := ^ <Ne{cM. 

— 2 — 2 

ch (c) = a ch (c) = a 

ch^c) = /3 ch\c) = /3 

So in terms of ch, these generating functions sum over all 0-dimensional (or 
codegree 0) parts (ch/)°. 

Our goal is to determine the generating function for the Euler characteris- 
tics M£-(c). By the following lemma, this can be achieved by determining the 
generating functions for the Euler characteristics of A^£:(c) and of the moduli 
spaces of rank 1 torsion free sheaves on iti,il2,il3. The latter generating func- 
tions, which we denote by Gu;(g), are known by the result of Section 7.1. The 
lemma is a variation on a result by Gottsche and Yoshioka |Gott Prop. 3.1]. 

Lemma 7.4. The following holds: H„,^(g) = H^^^(g) HLi Gu.(g)^- 

Proof. Embedding into the reflexive hull of a rank 2 torsion free sheaf J-" on 
P gives the short exact sequence — )■ J-" — )■ J-"** — )■ Q — > 0, where Q is a 
0-dimensional sheaf on P. Since P is a smooth DM stack of dimension two J-"** 
is a rank 2 vector bundle. 

Let Quotp(V, c) be the projective scheme of quotients of a vector bundle V 
on P representing class c G K{F)q (see |0S] for the construction of these Quot 
schemes). Fix c G K{F)q the class of a rank 2 torsion free sheaf on P. By 
the previous short exact sequence, at the level of closed points, Mg^c) can be 
stratified by Quotp(V, c'), [V] G N£{c") with c' + c" = c. Hence at the level of 
closed points, M£{c) is in bijective correspondence with the disjoint union. 

n n Quotp(v,c'). 

c'+c"=c [V]6V£{C") 
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Let V be a rank 2 vector bundle on P with T-equivariant structure. In order 
to determine e(Quotp(V, c')) for any 0-dimensional c', we can count the number 
of T-fixed points using the T-action on P. This T-action hfts to Quotp(V, c') 
(see proof of |KooH Prop. 4.1]). Since Q is 0-dimensional with support at 
Pi, P25 -P3 £ IP5 giving a T-fixed quotient V — j- Q — )■ is equivalent to giving 
the quotients O^'^ — > Q|u, — for i = 1, 2, 3. So at the level of closed points, 
QuotJ(V,c') is in bijective correspondence with the disjoint union 

II flQuotJ,(0^f,Q). 

Cl+C2+C3=c' i=l 

We are reduced to determine e(Quoty. (C^.^, q)). We can use the C*^-action 
on Quot^.{0^ ,Ci), which scales the factors of O'^^. At the level of closed 
points, it can be easily seen that the fixed set of this action is in bijective 
correspondence with the disjoint union 



II Quot^,(Ou., <) X Quot^^(Ou., c'/) 



But Quoty. (Oy-, c^') is isomorphic to the moduli space of rank 1 torsion free 

sheaves on Hi with class —c". This proves J2c, ^(Q^o^Ui(^iif > '^i))'f' = ^ikiQ^^ 
which finishes the proof of the lemma. □ 

The rest of the paper is devoted to the study of rank 2 toric vector bundles 
on P and the generating function HJ^^^(g). In Section 6, we classified three 
types of toric vector bundles on P: type I, II and III. Since types II and III are 
always decomposable, they are never //-stable. Hence we only need to consider 
type I rank 2 toric vector bundles J-' on P. The stacky S'-family of J-" is entirely 
determined by integers Ai, A2, A3 G Z and Ai, A2, A3 e Z>o satisfying b \ Ai, 
c I A2, a I A3 and an element (^1,^2,^3) £ (P^)^ (see Section 6). We want 
to express the i^-group class of [J-'] in terms of this data only. For any two 
1-dimensional vector spaces p, g G P^, the Kronecker delta Spg is 1 if p = g and 
if p q. 

Proposition 7.5. Let T be a type I rank 2 toric vector bundle on P. Let its 
stacky S-families be described by ^41,^2,^43 G Z, Ai, A2, A3 G Z>o satisfying 
b I Ai, c I A2, a I A3 and {pi,P2,P3) G (P"'^)'^. Then the K-group class of is 



-(l-^7^-^)(l-^7^^)(l-5p3pJ)/^^^^^^^- 



P2P3) 
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Proof. We make use of the following observation. Let Q be another toric torsion 
free sheaf with stacky S'-famihes Gi, G2, G3. Assume 

(9) dim(,Gi(£i, £2)1) = dim(,i^,(£i, £2)1), 

for all i = 1,2,3, 6 G Bt, £±,£2 £ ^ and / G Tj--. Then we claim [J-'] = 
[G] G -ft'(P)Q. This is proved in the lemma after this proof using equivariant 
devissage. 

Assume without lost of generality Ai = A2 = A3 = 0. The general case 
follows from tensoring with L(^Ai,A2,A3)- construct a toric sheaf Q satisfying 
Equation dH]), but being of a simpler form than J-". We take Q to be an equi- 
variant subsheaf of -^^(0,0,0) © -^{Ai,A2,A3)- Gs.ch chart, such a sheaf only has a 
nonzero box summand over (0, 0). For each i = 1, 2, 3, defint^ 

(0,0)^1(^15^2) := (0,0)-^(0,0,0),j(^l5 ^2) © (0,0)-^(Ai,A2,A3),i(^l! -^2), 

in the following regions 

{{£ij2) Ki>A, or £2> A,+i}, 

\h<\ and £2 < A^+i}, if pi = pi+i 

and (ofi)Gi{£i, £2) = for all remaining (£1, £2). From this description it is easy 
to see that Equation ([9]) is satisfied and [Q] is equal to 

1 + - (1 - ^x:' ""j^'iop, ® 

/=0 J=0 
A2/C-I As/a-l 

- (1 - Sp.P.) E E [^^^ ® ^''^""i 

j=o _ft:=o 

Aa/a-l Ai/fe-1 
K=0 1=0 

The sums can be computed using Proposition I7.1[ What left is the following 
lemma. □ 

Lemma 7.6. Let T , Q he toric torsion free sheaves on P and assume their 
stacky S-families only possibly differ in the maps between the fine-graded weight 
spaces. Then [J^] = [Q] G K(F)q. 

Proof. We give the argument for toric torsion free sheaves on with standard 
T-action. The reader can easily generalize the argument to P. Take (1, 0), (0, 1) 
as a basis for the character group M = ^(T). Let J-", Q be toric torsion free 



17 



Here A4 := Ai and p4 := pi. 
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sheaves on and denote their S-famihes by F, G. Assume J-", Q only possibly 
differ in the maps between their weight spaces. We apply equivariant devissage. 
Since both sheaves are finitely generated, there are integers A, B such that all 
homogeneous generators of H^{J^) and H^{Q) lie in (—00, A) x (— oo,i?). In 
particular, for all ^l> A and £2 > B we have Fi{ii,i2) = Gi{ii,i2) = and 
the maps between the weight spaces are the identity. Define the S'-family 

Si{iij2) ■■= F{iij2), for £i>A and £2 > B, 

Si{h,£2) '■= 0, otherwise. 

At the level of S-families, Si G F and we denote the quotient by Qi. These 
correspond to a toric sheaf Si G with quotient sheaf Qi and we get [J-'] = 
[<Si] + [Qi]. Repeating the same argument for Q, we obtain [Q] = [Si] + [Qi] = 
[Si] + [Qi] since Si = Si. (Aside: Si = 0®2, where r is the rank.) 
We shift focus to Qi, Qi. Define the S'-family 

^2(^1,^2) := Fiei,e2), iorii = A-l and £2 > B, 
'S'2(^i,^2) := 0, otherwise. 

This gives a toric sheaf S2 C Qi with quotient Q2 and [Qi] = [S2] + [22]- 
Repeating the same argument for Qi, we obtain [Qi] = [S2] + [Q2] = [S2] + [Q2] 
since S2 = S2. (Aside: S2 = C®* for some s.) 

Repeating the argument a finite number of times, we "peel off" the region 
where £1 > A or £2 > B . What is left are toric sheaves Qn, Qn defined by the 
(S-families 

Qn{£u 4) := F{£i, £2), Qn{£i, £2) := G{£i, 4), ioi £1 < A - 1 and £2 < B - 1, 

Qn{£uh) ■■= 0, Qn{£u£2) ■= 0, Otherwise. 

It suffices to show [Qn] = [Qn]- 
For this, define the S'-family 

Sn+i{£ij2) := F{£ij2), for {£ij2) = (A - 1,5- 1), 
Sn+i{£i, £2) '■= 0, otherwise. 

This gives a toric sheaf Sn+i C Q„ with quotient Qn+i and [Qn] = [Sn+i] + 
[Qn+i]- Repeating the same argument for Qn+i, we obtain [Qn] = [Sn+i] + 
[Qn+i] = [Sn+i] + [Qn+i] slucc Sn+i = Sn+i- (Asldc: Sn+i = C®* for some t.) 
Repeating the final part a finite number of times, the lemma is proved. □ 

We can now classify all rank 2 /i-stable toric vector bundles on P. Recall 
that we fix the standard polarization 0p(l) on P and a generating sheaf of 
the form S := S^Jq Cp( —u) on P, where E G Z>o is divisible by the least 
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common multiple m of a, b, c. Let Psi—, t) be the modified Hilbert polynomial 
with respect to the polarization Op(l) and generating sheaf S as fixed at the 
beginning of this section. Note that Op(l) pulls back to Op{m) on P. (See 
Section 4.2 for the definition of the common divisors d, dij and the common 
multiple m.) The modified slope fi of any torsion free sheaf on P is defined to be 
the ratio of the linear and quadratic terms of its modified Hilbert polynomial. 

Proposition 7.7. Let be a type I rank 2 toric vector bundle on P and let its 

stacky S-families be described by Ai,A2,A3 G Z, Ai, A2, A3 G Zi>o satisfying 
b I Ai, c I A2, a I A3 and {pi,P2,P3) £ (P"'^)'^. Then T is fi-stable if and only 
z/Ai, A2, A3 > 0, Pi,P2,P3 are mutually distinct and 

Ai < A2 + A3, A2 < Ai + A3, A3 < Ai + A2. 

Proof. We start by observing that J-" is /i-semistable if and only if fi{G) < ^i{J^) 
for any toric subsheaf Q with < rk(^) < rk(J-'). This is immediate by noting 
that the Harder-Narasimhan filtration of J-" is T-equivariant. It is also true 
that J-" is /i-stable if and only if ii{Q) < li{J^) for any toric subsheaf Q with 
< rk(^) < rk(J-'). This statement is more subtle and is proved in the case of 
smooth toric varieties in |Koolt Prop. 4.13]. The proof extends to our current 
setting. 

Note that J-" can only be indecomposable if Ai, A2, A3 > and Pi,P2,P3 are 
mutually distinct so we assume this from now on. From the toric description of 
J-" in terms of stacky S'-families, it is clear that J-" has three toric line bundles Ci, 
C2, as subsheaves generated pi,p2,P3. Moreover, any rank 1 toric subsheaf 
is contained in one of them. Their stacky S'-families and if-group classes are 
easily computed 

The i^-group class of J-" was computed in Proposition 17.51 Since all these K- 
group classes are expressed as sums of elements g^, we can use Corollary 14.41 
to compute the top two coefficients of the modified Hilbert polynomials and 
hence the modified slopes 

1 2 
/i.F = -(a + & + c - (Ai + A2 + A3) - 2{Ai + A2 + A3)) + — V Ui, 
m em ^-^ 

i=l 

1 2 
= -{a + b + c-2{Aj + Ak + Ai + A2 + A3)) + — Vm^, 
m em ^-^ 

i=l 

for any i = 1,2,3 and distinct j,k G {1,2,3} — {i}. Since any other rank 1 
toric subsheaf is contained in some and has modified slope < fia, it suffices 
to test /i-stability for £1, £2, £3 and the proposition follows. □ 
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From Proposition [721 it is easy to compute the Chern character of any type I 
rank 2 toric vector bundle on P. Since we are only interested in indecomposable 
vector bundles, we assume all Aj > and pi are mutually distinct. Moreover, 
since we are only interested in T-equivariant structures up to tensoring by a 
character, we assume Ai = A-2 = 0. See Section 4.2 for a discussion of the 
Chern character map ch : -^'(P)^ — )■ A*(JP)^^. 

Lemma 7.8. Let be a type I rank 2 toric vector bundle on P. Let its stacky 
S-families be described by Ai,A2,As G Z, Ai, A2, A3 G Z>o satisfying b \ Ai, 
c I A2, a I A3 and (^1,^2,^3) G (P^)^. Assume all Aj > 0, pi are mutually 
distinct and Ai = A2 = 0, A^ = A. Then ch(J-') is given by 



'i^^|2-(2A+Ai+A2+A3)x+(A2+(Ai+A2+A3)A+^(A?+A2+A2))xj 



for any f & D; 

~27T^fA 



for any = (1, 2), (2, 3), (3, 1), / G D,, and k e {1,2,3} \ {t,j}; 



for any i = 1, 2, 3 and f G Di, where A4 := Ai. 

Fix a G A°(JP)^^ and /3 G A^{I¥)^^ (parts of) the Chern character of a 

rank 2 vector bundle on P. Let ch(A, Ai, A2, A3) G y4*(/P)^^ be the formula 
for the Chern character as appearing in the previous lemma. Consider the 
following system of equations in the variables A G Z, Ai, A2, A3 G Zi>o 

ch'(AAi,A2,A3) = a, 
ch'(AAi,A2,A3) = /3. 

~ 2 

Note that the ch equation does not depend on Ai,A2,A3. Moreover, the 
~ 2 

ch equation is automatically satisfied in the case of a trivial gerbe structure, 

~ 2 

i.e. when d = 1. In the case of a non-trivial gerbe structure, the ch equation 

is equivalent to fixing A = X mod d for some A G {0, . . . ,d — 1} . Next, look 

~ 1 

at the / = G -D part of the ch equation and let /3q be the / = G -D part of 
f3. This equation only has a solution if 2 | /3o + Ai + A2 + A3, in which case 

^ = -^(/3o + Ai + A2 + A3). 
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What remains are the ch equations for / G D\0, which we analyze further in 
examples. 

For each f E D we introduce a formal variable pf. Likewise, for each i < 
j G {1,2,3} and / G Dij we introduce a formal variable qijj- Finally, for 
each z G {1, 2, 3} and / G we introduce a formal variable r^ j. Note that by 
working with Chern character instead of i^-group class, we know these variables 
are independent. We can now explicitly compute the generating function H^''^. 

Theorem 7.9. For any a G A°(/P)^^ and j3 G A^(/P)^^ (part of) the Chern 
character of a rank 2 vector bundle on P, the generating function H^''^ is given 
by 

Ai, Aa, As G Z>o,^ G Z /eD i<i6{l,2,3} i6{l,2,3} 

6 I Ai,c I A2,a 1 A3 f&Dij feDi 

ch^(^, Ai, A2, A3) = Q 

ch'(A,Ai,A2,A3) =/3 
Ai < A2 + A3 
A2 < Ai + A3 
A3 < Ai + A2 

where ch {A, Ai, A2, A3) is the explicit formula for the codegree part of the 

Chern character appearing in Lemma \7. 8\ and ch (A, Ai, A2, A3) f E F are 
its various components. 

Proof. We start as in the rank 1 case. Fix a Chern character ch G yl*(JP)p^ 
of a rank 2 vector bundle on P. The moduli scheme A^(ch) of /i-stable vector 
bundles on P with Chern character ch has a torus action, which at the level of 
closed points is given by 

t . [JT] .= [t*J^], t G T, J- G iV(ch). 

By localization, e(A^(ch)) = e(A^(ch)'^). As a set, A^(ch)'^ is the collection 
of isomorphism classes of rank 2 /i-stable vector bundles J-" on P with Chern 
character ch satisfying t*J^ = T for all t G T. Since any such T is simple, 
it admits a T-equivariant structure |KooH Prop. 4.4] and this T-equivariant 
structure is unique up to tensoring by a character of T |Koolt Prop. 4.5]. 
Consequently, as a set, A^(ch)'^ is the collection of equivariant isomorphism 
classes of /x-stable rank 2 toric vector bundles on P with class ch, where two 
such classes [J-'], [J-''] are identified whenever J-" and J-"' differ by a character, 
i.e. whenever = J^' ® L^a,b,c) for some A + B + C = 0. 
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Therefore, any element of A^(ch)'^ can be uniquely represented by stacky 
S'-families {-fi}i=i,2,3 of a /i-stable rank 2 toric vector bundle as in Proposition 
17.51 satisfying 

ch(^) = ch, A2 = A, = 0, pi = (1 : 0), P2 = (0 : 1), = (1 : 1), 
< Ai < A2 + A3, < A2 < Ai + A3, < A3 < Ai + A2. 

Here we have used Proposition 17.71 to characterise /i-stability. The result now 
follows from Lemma 17.81 □ 

The generating function of the previous theorem is the most refined version 
possible. Easier formulae can be obtained by specializing. One such special- 
ization is grouping together moduli spaces with the same value of the constant 
term of the modified Hilbert polynomial Pop{i),£{—,t). In this context, it is 

more natural to fix a = di{-(S)S) G A°{I¥)^^ and /3 = di{-(g)S) G A^{I¥)^^ 

as our topological invariants. In other words, we are interested in the Euler 

characteristic of the moduli space of yU-stable rank 2 vector bundles J-" on P 

~ 2 ~ 1 

with ch [J^ ® £) = a, ch [J^ ® £) = (3 and arbitrarily fixed Po-p{i),£{'^ 1 0) ^ ^• 

We denote by q the formal variable corresponding to -Pc'p(i),£:(~^, 0) and denote 

the corresponding generating function by HQ^^(q'). 

Let J-" be a /i-stable rank 2 toric vector bundle on P described, as above, by 

the data Ai = A2 = 0, A3 = A G Z, Ai, A2, A3 G Z>o satisfying 6 | Ai, c | A2, 

a I A3. Define := x + 2^^ + H h (-E - Then 

ch^(J^®^)o = 2E, 

ch^(J^®£)/ = 0, V/ G Z^\0, 

ch'(J^ ® ^)o = -(2A + Ai + A2 + A3 - - 

ch'(J^ ® £)f = 20E(e'"^Oe^'"^^^, V/ G \ 0, 



ch {J^0S)f = O, \/feDu,Dr3,D 



23- 



Here the vanishing in the second and last line are due to the presence of the 
generating sheaf S. From these equations, we see that the classes a, (3 need to 
satisfy corresponding vanishing and divisorial properties or otherwise ^^js{q) 
is simply zero. In particular. /3o, G -D has to be divisible by E. If we define 



Ci := ^ — {E — 1)E G Z and A G {0, . . . , d — 1}, then fixing a and /3 is equivalent 
to fixing Ci, A and the previous equations are equivalent to 

(10) - 2A - Ai - A2 - A3 = ci and A = X mod d. 
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These equations should be thought of as fixing "the first Chern class" and the 
/Lt^-eigenvalue of the rank 2 vector bundles we are considering. 

We now compute Ps{J^i 0). First some necessary notation. For any integers 
m and n > 0, we denote by [m]„ the unique value k G {0, . . . , n — 1} for which 
m = k mod n. Also, for integers mi, m2, and n > define 

\ 2n\/ — lkm2 

, ■^-^ 1 + e n ZTT^^fcrng 2nV^k 

il)E{mi,m2,m^,n) := ^ ^^^^e " ^^(e " ). 

gcd{mi ,ri) ^ ^ 

Lemma [7.81 and the expression for the Todd classes in Section 4.2 imply that 
Ps{J^, 0) G Z is given by 

+ ^(a^ + 6^ + c^) + i(a6 + 6c + ca) + (ci + a + 6 + c + E - 
+\{ci + a + h + c){E -d) + [A]l + - \Ed + \d'^ 

+ ^^/'£;(c, A2, A, di2) + — V'eI^ Ai, a, rfia) + ^tpEia, A3, A, ^23)- 
ao ac oc 

For fixed ci. A, the above expression is a function the Aj only. Recall that A is 
determined by Equation (ITUI) . We denote this function by P(Ai, A2, A3). The 
generating function given by the following explicit formula 



^P(Ai,A2,A3) 



q 

Ai, A2, A3 e z>o 

b I Ai,c I A2,a I A3 
2 I ci + Ai + A2 + A3 
-i(ci + Ai + A2 + A3) = A mod d 
Ai < A2 + A3 
A2 < Ai + A3 
A3 < Ai + A2 

In the following examples, < Aj < Aj + A^ is short hand for < Ai < 
A2 + A3, < A2 < A1 + A3 and < A3 < A1 + A2. In examples 1-3, it is easy 
to see that if gcd(2,ci) = 1, then there are no strictly /i-semistables around. 
In example 4, a slightly more complicated numerical criterion is given. 
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Example 1. Let P = P^, then IP = P. We take E = Op. Fixing a = 2 and 



/3 = ci = (ch )o, G -D, the generating function ^ is given by 



J2 p 

< Ai < Aj + Afc 
2 1 ci + Ai + A2 + A3 



ic? + iAf+iAi + iAi-|AiA2-iA2A3-|A3Ai 



Replacing p by q, this is also equal to the generating function H^* Q{q) (up to an 
additional constant |ci + 2 in the power of q making it integer- valued) . This 
is essentially the generating function computed in |Koo2[ Sect. 4.2.1]. It was 
first computed using localization methods by Klyachko |Kly2| , who expresses 
it in terms of Hurwitz class numbers. 

Example 2. Let P = P(l, 1, 2), then /P = PUP(2). We take £ = C»p © Cp(l). 
The codegree Chern character over the twisted sector P(2) is (Lemma 17. 8p 

(ch°)l/2 = (-1)^((-1)^^ + (-1)^^). 

Recall that 2 | A2. This part of the Chern character can only take values 

—2, 0, 2. We denote the variable keeping track of (ch )o, E D hj p and the 

variable keeping track of (ch )i/2, 1/2 G -D3 by r. For any subset X C Z^, we 
denote by 1^ the characteristic function taking value 1 on X and elsewhere. 

Fixing a = 2 and (3 = ci = (ch )o, G D, the generating function H^*^ is 



< Ai < Aj + Afc 
2 I ci + Ai + A2 + A3,2 I A2 



ie2 + iA2 + iAi + lAi-iAiA2-iA2A3-|A3Ai 



multiplied by 



^ <" 4 t ci + Ai + A2 + A3 1 ^ f 4 I ci + Ai + A2 + A3 ^ ^ 
2lAi,2lA3 j \ 2tAi,2tA3 

2 I Ai,2tA3 } + 1{ 2tAi,2 | A3 }) 



I" 4 I ci + Ai + A2 + A3 1 + ^ f 4 t ci + Ai + A2 + A3 ^ ^ 



2|Ai,2|A3 j 1 2tAi,2tA, 
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ivb 



The specialized generating function H^|'Q(g) is given by 



E 

< Ai < Aj + Afc 
2 I ci + Ai + A2 + A3,2 I A2 



|cf+fci+6+iA2 + iA2 + iA2-iAiA2-iA2A3-iA3Ai 



Up to a constant depending on ci in the power of q, this has the same shape 
as in example 1 except for the additional division requirement 2 | A2. 

Example 3. Let P = P(l, 2, 2), then IP = PUP(2, 2). We take S = Op©Cp(l). 
This time, the part of A*{IF)^^ coming from the twisted sector P(2, 2) has a 

codegree 1 and part. As before, we fix a = 2, /3o = ci = (ch )o, E D, but 

this time we also fix /3i/2 = (ch )i/2, 1/2 G -D23- The formula for /3i/2 is 

/3i/2 = (-1)^(1 + (-1)^^), 

so it can take values —2,0,2. Recall that 2 | Ai, 2 | A2. Each case gives a 
different generating function. We denote the variable keeping track of (ch )o, 
E D hj p and the variable keeping track of (ch )i/2, 1/2 G -D23 by q. 

(I) Fix /3i/2 = —2. This is equivalent to requiring 2 | A3 and 4 f ci + Ai + 
A2 + A3. In this case, (ch )i/2, 1/2 G D23 is simply given by 

(ch\/2 = -(-1)^ ((1 + (-1)^^)A + Ai + A2 + (-1)^^A3) 
= 2A + Ai + A2 + A3 = -ci, 

so the generating function ^^^/j is given by 

J2 p|cf+iA? + iAi + lAi-iAiA2-iA2A3-iA3Ai^-ci_ 

< Ai < Aj + Afc 
2 I ci + Ai + A2 + A3 
4jci + Ai+A2 + A3 
2 I Ai,2 I A2,2 I A3 

(II) Fix /3i/2 = 0. This is equivalent to requiring 2 f A3. In this case, the 
formula for (ch )i/2, 1/2 G D23 is 

(ch°)i/2 = -(-1)^ ((1 + (-1)^^')A + Ai + A2 + (-1)^^A3) 

= (_l)|(ci+Ai+A2+A3)(_^^ _ ^ 
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The generating function H^^^ is given by 



_|_ 1 a2 _l_ 1 _1_ 1 A2 

-iAiAa - iAaAa - iAsAi ^(-1)^('=i+^i+^2+'^3)(_Ai-A2+A3) 



J2 p -|AiA2-iA2A3-iA3Ai ^( 

< Ai < Aj + Afc 
2 I ci + Ai + A2 + A3 
2 I Ai,2 1 A2,2t A3 

where we wrote the power of p over two hues. 
(Ill) Fix /3i/2 = 2. Similar to case I, we obtain 



c2+iA2 + iA2 + iAi-iAiA2-|A2A3-|A3Ai ci 



P 

» < A 

4 I ci + Ai + A2 + A3 
2 I Ai,2 I A2,2 I A3 

The speciahzed generating function f\cioil) given by 

ic? + |ci + f + lA? + iAl + lAi - iAiA2 - iA2A3 

^ g -iA3Al-|(-l)5(-l + ^l+^2 + A3)(i^(_l)A3) 

< A, < Aj + Afc 
2 I ci + Ai + A2 + A3,2 I Ai,2 I A2 

Example 4. Let P = P(2, 2, 2), then IP = P U P. We take 8 = Op ® Cp(l). 

~ 2 ~ 1 

This time, we fix (ch )f and (ch )j for / G -D = {0, 1/2}. We fix ao = 2 and 

~ 2 

fixing ai/2 = (ch )i/2 = ±2 is equivalent to fixing the parity of A. Clearly, 

the generating function is zero unless (3^ = Ci = (ch )o = (— l)'^(ch )i/2 = 
{—l)^f3i/2, so we assume this is the case. We use the formal variable po to keep 

track of (ch )o and pi to keep track of (ch )i/2. 



(I) Fix ai/2 = -2. Then H 



vb 

a,l3 



IS 



Yl (pop-l)i-? + i^?+|Al + iAi-iAiA2-|A2A3-iA3Ai_ 



< Ai < Aj + Afc 
2 I ci + Ai + A2 + A3 
4jci + Ai + A2 + A3 
2 I Ai, 2 I A2, 2 I A3 



(II) Fix ai/2 = 2. Then H^*^ is 

J2 (popi)3-? + iAf + iAi+iAi-iAiA2-iA2A3-iA3Ai_ 



< A, < Aj + Afc 
4 I ci + Ai + A2 + A3 
2 I Ai, 2 I A2, 2 I A3 



TORIC SHEAVES ON WEIGHTED PROJECTIVE PLANES 



49 



Similarly, for the specialized generating function Hc*a(9)' fix ci G Z and a 
/X2-eigenvalue A G {0, 1}. Note that the generating function is zero unless ci is 
even, so assume this is the case. We get the following expression for H^|';^(g) 

< A, < Aj + Afe 
-i(ci + Ai + A2 + A3) = A mod 2 
2 I Ai,2 ! A2,2 I A3 

Note that the choices (|ci,A) = (even, 0), (odd, 1) give the Ci = generating 
function of example 1 and the choices (|ci,A) = (odd, 0), (even, 1) give the 
Ci = 1 generating function of example 1 (up to a constant in the power of q). 
It is not hard to see that for the choices (^ci. A) = (odd, 0), (even, 1), there are 
no strictly yU-semistables around. 
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